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Abstract. We investigate the Navier-Stokes-Cattaneo-Christov (NSC) system in Rd (d ≥ 3), a model
of heat-conductive compressible flows serving as a hyperbolic relaxation of the Navier-Stokes-Fourier
(NSF) system. The (NSC) system addresses the incoherent infinite heat propagation speed observed
in (NSF), commonly referred to as the paradox of heat conduction.

Within a critical regularity functional framework, we prove the global-in-time well-posedness of
(NSC) for initial data that are small perturbations of constant equilibria, uniformly with respect to the
relaxation parameter ε > 0. Then, building upon this result, we obtain the sharp large-time asymptotic
behaviour of (NSC) and, for all time t > 0, we derive quantitative error estimates between the solutions
of (NSC) and (NSF). To the best of our knowledge, this provides the first strong convergence result
for this relaxation procedure in the three-dimensional setting and for ill-prepared data.

The (NSC) system is a partially dissipative system that incorporates both partial diffusion and
partial damping mechanisms. To address these aspects and ensure the large time stability of the
solutions, we construct localized-in-frequency perturbed energy functionals based on the hypocoercivity
theory. More precisely, our analysis relies on partitioning the frequency space into three distinct
regimes: low, medium and high frequencies. Within each frequency regime, we introduce effective
unknowns and Lyapunov functionals, revealing the spectrally expected dissipative structures.

1. Introduction

1.1. Presentation of the systems. In the Eulerian description, a general compressible fluid evolving
in Rd (d ≥ 3) is characterized at every material point x ∈ Rd and time t ∈ R by its density ρ = ρ(t, x) ∈
R+, velocity field u = u(t, x) ∈ Rd and its internal energy e = e(t, x) ∈ R+. Those physical quantities
are governed by:

• The mass conservation:
∂tρ+ div(ρu) = 0,

• The momentum conservation:

∂t(ρu) + div(ρu⊗ u) +∇P = divτ,

• The energy conservation:

∂t

(
ρ

(
|u|2

2
+ e

))
+ div

(
ρu

(
|u|2

2
+ e

)
+ uP

)
+ divq = div(τ · u),

where τ is the viscous stress tensor, P the pressure and q the heat flux. In the regime of Newtonian
fluids that we adopt here, τ is given by

τ ≜ 2µD(u) + λdivu Id,

where λ and µ are the shear and bulk viscosities satisfying µ > 0, ν := λ + 2µ > 0 and D(u) ≜
1
2 (∇u+ T∇u) is the deformation tensor. We restrict ourselves to a pressure function of the form

P = P (ρ, T ) = Tπ(ρ),(1)
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where π is a smooth function and π′(ρ) > 0 for ρ > 0. Moreover, we assume that the fluid obeys Joule’s
law: the internal energy e is a function of the temperature T ∈ R+ only and, for a positive constant Cv,
we have e = CvT . Hence, using Gibbs relations for the internal energy and the Helmholtz free energy,
we obtain the following temperature equation

ρCv(∂tT + u · ∇T ) + Pdivu+ divq = div(τ · u).(2)

Assuming that the heat flux q follows the Fourier law:

(3) q = −κ∇T,

where κ > 0 is the heat conductivity coefficient, we obtain the Navier-Stokes-Fourier equations modelling
viscous heat-conductive compressible flows:

(4)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇P = divτ,
ρCv(∂tT + u · ∇T ) + Pdivu− κ∆T = div(τ · u).

The Fourier law (3) has been widely and successfully used to approximate the phenomenon of heat
propagation in continuous media. However, its relevance comes into question in various applications
where alternative approaches are more appropriate for accurate heat conduction modelling. A notable
limitation emerges when employing the Fourier law to close the system (4), introducing an intrinsic hy-
pothesis regarding heat transfer —the instantaneous response of the heat flux to a temperature gradient.
In other words, this assumption, while mathematically convenient, leads to an unrealistic prediction:
the infinite speed of heat propagation, commonly referred to as the paradox of heat conduction. In
particular, the inadequacy of the Fourier law becomes apparent at the nanoscale or in scenarios with
short timescales, as detailed in [67], [46] (highlighting high-energy laser technology), and [57] (addressing
nano-fluid heat transport). In such contexts, the response of the heat flux to the temperature gradient
in the material is no longer small enough to be neglected and deemed instantaneous.

To address this limitation, hyperbolic heat conduction models have been introduced, proposing
different constitutive equations for the heat flux. One of the best-known is the Maxwell-Cattaneo [9]
heat transfer law:

ε2∂tq + q = −κ∇T,(5)

where the relaxation parameter ε > 01 represents the time lag required to establish steady heat conduc-
tion in a volume element once a temperature gradient has been imposed across it. The law (5) corrects
the paradox of heat conduction as it ensures a finite speed of propagation of the thermal signal. Indeed,
inserting (5) in the equation of the temperature (2) gives, for u = 0, ρ ≡ 1 and Cv = 1,

ε2∂ttT + ∂tT − κ∆T = 0,(6)

which is a damped wave equation ensuring the propagation of damped thermal waves with the finite
speed

√
κ/ε. Such reformulation is often referred to as second sound in the context of thermoelasticity

[44].
Although the Maxwell-Cattaneo law (5) preserves the causality principle for heat propagation in

steady continuous media, it is incompatible with the Galilean invariance of frame-indifference when the
medium is in motion. To address that, Christov and Jordan [15] replaced the partial time derivative
with the standard material derivative, leading to the following formulation

ε2(∂tq + u · ∇q) + q = −κ∇T.(7)

The constitutive law (7) is Galilean invariant and resolves the moving frame paradox as the wave speeds
of thermal disturbance are now c1,2 = u±

√
κ/ε, which is coherent inside a body moving with velocity

u. However, this law remains imperfect as it does not lead to a single equation for the temperature field.

1Its value can be experimentally determined for different materials [14, 15].
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To remedy that, Christov [14] proposed an alternative formulation using the Lie-Oldroyd upper-
convected time derivative. The following equation for the heat flux leads to a truly frame-indifferent
formulation2

ε2 (∂tq
ε + uε · ∇qε − qε · ∇uε + qεdivuε) + qε = −κ∇T ε.(8)

Coupling the fundamental conservation laws of fluid mechanics with (8) leads to the Navier-Stokes-
Cattaneo-Christov equations:

(9)


∂tρ

ε + div(ρεuε) = 0,

∂t(ρ
εuε) + div(ρεuε ⊗ uε) +∇P ε = divτε,

ρεCv(∂tT
ε + uε · ∇T ε) + P εdivuε + divqε = div(τε · uε),

ε2(∂tq
ε + uε · ∇qε − qε · ∇uε + qεdivuε) + qε = −κ∇T ε.

In summary, the physical significance of system (9) can be distilled into three aspects:

• It corrects the unrealistic feature of heat propagation presented in the Navier-Stokes-Fourier
system (4): the thermal signal in (9) exhibits a finite speed of propagation;

• It satisfies the Galilean invariance principle of frame indifference;
• Formally, in the relaxation limit ε → 0, system (9) can be understood as a partially3 hyperbolic

approximation of (4).

For comprehensive reviews on the topic of hyperbolic approximations, interested readers can refer to
[10, 39, 53, 27] and references therein.

1.2. Overview of our findings. Our paper aims to improve the understanding of the Cattaneo-
Christov approximation in addressing the paradox of heat conduction.

First, we establish the uniform-in-ε existence of unique global-in-time small strong solutions to the
Navier-Stokes-Cattaneo-Christov system (9) in dimensions d ≥ 34, cf. Theorem 2.1. The solutions we
construct are small perturbations around the constant equilibria

(ρ̄, ū, T̄ , q̄) = (ρ̄, 0, T̄ , 0)(10)

where ρ̄, T̄ > 0. The choice q̄ = 0 comes from the fact that the equilibrium considered has to satisfy the
system (9) to have a suitable linearized structure (see [65, 7]) and, in the context of fluid mechanics,
the assumption ū = 0 is natural due to the Galilean transformation, as explained in [5, p. 6] or [21].

Then, building upon our global existence result, we recover the sharp time-decay rates of the
solutions in Theorem 2.2, and we establish global-in-time quantitative error estimates between the
solutions of (9) and (4) as ε → 0, leading to our relaxation result: Theorem 2.4.

To the best of our knowledge, our work is the first to show that the formal link between (9) and
(4) is rigorously valid in a multi-dimensional setting. Additionally, we justify that the convergence
between both systems holds in a strong sense and without assuming that the initial data satisfy the
limit system constraint, i.e. the Fourier law: qε0 = −κ∇T ε

0 . In this sense, our result holds in an ill-
prepared context as we handle the initial-time boundary layer. Furthermore, as discussed in Section 7,
our approach is robust enough to be applied in justifying the hyperbolization of other parabolic models.
Overall, our research contributes to the understanding of Cattaneo-Christov’s law mechanism through
the combination of a meticulous frequency analysis and hypocoercive techniques.

2Observe that the equations (7) and (8) are the same in the one-dimensional setting.
3It is a partially hyperbolic approximation of system (4) as there are still parabolic effects in the equation of the velocity

in the approximating system (9). Fully hyperbolic approximations of the Navier-Stokes-Fourier system are discussed in
Section 7.

4The dimension restriction is explained in Remark 2.3.
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1.3. Existing literature on Cattaneo-type relaxation model. In contrast to the attention given
to (4), as depicted in the next subsection, there is relatively less research dedicated to the Navier-Stokes-
Cattaneo-Christov system (9). Angeles, Malaga and Plaza [4] showed that system (9) is dissipative in
the one-dimensional setting, in the sense of the Shizuta-Kawashima (SK) condition [55], and established
time-decay estimates for a linearization of the system around constant equilibrium states. Then, some
references were interested in fully hyperbolic approximations of the Navier-Stokes Fourier system in 1d.
In addition to the equation for the heat flux, one also incorporates an evolution equation for the viscous
tensor, thereby transforming the velocity equation into a hyperbolic form; see (288) in the Appendix.
For such models, in [35], Hu and Racke established the global existence of smooth solutions for small
data in H2(R) and the local-in-time relaxation limit towards (4) as ε → 0 in H5(R). Peng and Zhao [52]
established the global uniform existence of smooth solutions and justified the global weak convergence in
H2(R). Conversely, in [36], Hu and Racke proved a blow-up result for the fully hyperbolic approximation
of the Navier-Stokes-Fourier system when the initial data are large. This observation is consistent with
the inherent contrast between hyperbolic and parabolic PDEs.

Recently, Angeles [1, 3] showed that the coupling between the compressible Euler-Cattaneo-
Christov system is unfit to model the propagation of thermal and acoustic waves in several space
dimensions. More precisely, it signifies that the inviscid version of (9) cannot be written in a conserva-
tive form, leading to a lack of hyperbolicity. The well-posedness theory remains unresolved in that case.
In the viscous case, Angeles [2] developed a metric fixed point theorem for Fibonacci contractions and
proved the local-in-time existence and uniqueness of solutions to (9) in any dimensions. In the present
paper, we build upon this result to perform our global-in-time analysis.

We also mention the work of Dhaouadi and Gavrilyuk [27] where, using Hamilton’s principle and
an augmented Lagrangian procedure, the authors derive a purely hyperbolic approximation of the Euler-
Fourier system in every dimension. In Section 7, we discuss the extension of our methodology to study
models arising from their approach.

1.4. Some literature on the Navier-Stokes-Fourier system. So far there is a huge literature on
the existence, blow-up and large-time behaviour of solutions to the Navier-Stokes-Fourier system (4).
The local existence and uniqueness of smooth solutions away from vacuum were proved by Serrin [54]
and Nash [50]. The local existence of strong solutions in Sobolev spaces was constructed by Solonnikov
[56], Valli [58] and Fiszdon and Zajaczkowski [29]. Matsumura and Nishida [48, 49] established the
global-in-time existence of strong solutions being small perturbations of a linearly stable constant state
(ϱ∞, 0, θ∞) (with ϱ∞ > 0) in three dimensions. Moreover, with an additional L1 smallness assumption
on the initial data, the optimal decay rate coinciding with that of the heat kernel was obtained. Later,
those results were generalized to other regions: for example, exterior domains were investigated by
Kobayashi [42] and Kobayashi and Shibata [43], and the half-space by Kagei and Kobayashi [40, 41].
Results related to wave propagation are also available: Zeng [66] investigated the L1 convergence to the
nonlinear Burgers’ diffusion wave. Hoff and Zumbrun [32] performed a detailed analysis of the Green
function in the multi-dimensional case and obtained the L∞ decay rates of diffusion waves. In [47], Liu
and Wang exhibited the pointwise convergence of solutions to diffusion waves with the optimal time-
decay rate in odd dimensions, where a weaker Huygens’ principle was also shown. For the existence
of solutions with arbitrary data, Xin [60] found that any smooth solution to the Cauchy problem of
compressible Navier-Stokes system without heat conduction (including the barotropic case) would blow
up in finite time if the initial density contains vacuum. Huang, Li and Xin [37] established the global
existence of classical solutions with small energy that may have large oscillations and contain vacuum
states. A breakthrough is due to Lions [45], who obtained the global existence of weak solutions with
finite energy when the adiabatic exponent is suitably large. Subsequently, some improvements were
achieved by Feireisl, Novotny and Petzeltová [28] and Jiang and Zhang [38]. However, the uniqueness
of weak solutions remains an open question.

Regarding frameworks similar to the one we employ in this paper—specifically, strong solutions
being small perturbations of constant equilibria—we refer to the following references. Danchin [20, 21]
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established the global existence of unique strong solutions to (4) in critical homogeneous Besov spaces of
L2-type. That result was extended to Besov spaces of Lp-L2-type by Charve and Danchin [11] and Chen,
Miao and Zhang [12]. Haspot [30] achieved a similar result by employing a more elementary energy
approach based on the viscous effective flux introduced by Hoff in [31]. In a Lp-type critical regularity
framework, Danchin and He [23] justified the low Mach number convergence to the incompressible
Navier–Stokes equations for viscous compressible flows in the ill-prepared data case. Then, Danchin
and Xu [25, 63] developed a time-weighted energy approach in the Fourier semigroup framework and
derived optimal decay rates in Lp-type critical spaces. Following this, Xin and Xu [61] introduced a
Lyapunov-type energy method for deriving time-decay rates. In this approach, there is still a requirement
for a Ḃσ

2,∞-condition on the low-frequency part of the initial data, though it does not necessarily need
to be small. More recently, Danchin and Tolksdorf [24] investigated the scenario in which the equations
are posed on bounded domains of Rd.

1.5. Outline of the paper. Our paper is structured as follows. In Sections 2.1-2.2, we give the
linearization of system (9) and introduce the functional framework that we use in our analysis. Sections
2.3-2.4 are dedicated to presenting our main results and outlining the methodology employed. In Section
3, we prove uniform-in-ε a priori estimates for the linearization of system (9). Section 4 is devoted to
establishing our global well-posedness result, while Section 5 delves into the study of the large-time
behaviour of the solution. In Section 6, we prove our strong relaxation result. Section 7 presents a
discussion regarding possible extensions of our findings. Some technical lemmas are provided in the
Appendix.

2. Reformulation of (9) and main results

2.1. Reformulation of the system. Let ρ̄ > 0 and T̄ > 0. Linearizing the system (9) around
(ρ̄, 0, T̄ , 0) and, as in [21, 26], nondimensionalizing it to simplify the expression of the linear system, we
obtain

(11)


∂ta

ε + divvε = F ε,

∂tv
ε −Avε +∇aε + γ∇θε = Gε,

∂tθ
ε + βdivqε + γdivvε = Hε,

ε2∂tq
ε + αqε + κ∇θε = ε2Iε,

where the new unknowns aε, vε, θε and qε are time and space rescaling of5 (ρε− ρ̄)/ρ̄, uε, T ε− T̄ and qε,
respectively, and the Lamé operator is defined as A := (µ∆+ (λ+µ)∇div)/ν. The exact rescaling, the
constant coefficients α, β, γ and the source terms appearing in (11) are defined in Appendix A. Applying
a similar procedure to the Navier-Stokes-Fourier system (4) leads to

(12)


∂ta+ divv = F,

∂tv −Av +∇a+ γ∇θ = G,

∂tθ −
βκ

α
∆θ + γdivv = H,

where a, v, θ, F , G, and H are defined similarly to aε, vε, θε, F ε, Gε and Hε.

2.2. Functional framework. Due to the dual partially dissipative nature of the Navier-Stokes-Cattaneo-
Christov system (11) (elucidated in Section 2.4) our strategy relies on the analysis of the solutions in
three distinct frequency regimes. Within each of these regimes, the solutions exhibit very different
behaviours, necessitating the use of hypocoercive methodologies adapted to each regime.

A spectral analysis of the model suggests to consider the following thresholds to separate the
frequency regimes

j0 := K and jε :=
k

ε
,(13)

5The particular way we write the perturbation of ρε is tailored to handle the factor ρε appearing in front of the
time-derivatives in the equations of the velocity and temperature.
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where K is a suitably large integer and k is a suitably small integer to be determined later6. Given
that our analysis will rely on the dyadic Littlewood-Paley decomposition to split the frequencies, we
also introduce the thresholds

J0 := log2 K and Jε := −[log2 ε] + log2 k,(14)

Remark that the thresholds J0 and Jε correspond to those employed in the study of partially diffusive
systems in [23] and partially damped systems in [18, 19], respectively. Then, to justify our computations,
we assume that

J0 ≤ Jε.(15)

This assumption is crucial in our computations to ensure that (11) verifies hypocoercive stability prop-
erties. In particular, it implies that the well-known (SK) condition7 [55] is satisfied. It is also in line
with [33, Theorem 2.2] where the authors show that (11) does not satisfy the (SK) condition when ε is
too large. Since K and k are constants, the assumption (15) implies that ε must be sufficiently small.

This preliminary analysis suggests working in a functional framework that would facilitate the
decomposition of the frequencies. In this regard, the Littlewood-Paley decomposition and homogeneous
Besov spaces emerge as natural tools for analyzing our model. We define the following frequency-
restricted homogeneous Besov semi-norms corresponding to the decomposition induced by (14):

(16) ∥f∥ℓ
Ḃs

p,1
:=
∑
j≤J0

2js∥fj∥L2 , ∥f∥m,ε

Ḃs
p,1

:=
∑

J0≤j≤Jε

2js∥fj∥L2 and ∥f∥h,ε
Ḃs

p,1

:=
∑

j≥Jε−1

2js∥fj∥L2 ,

where fj := ∆̇jf and ∆̇j is the classical Littlewood-Paley frequency-localization operator, see [6, Chapter
2]. We also introduce the following semi-norms that will be useful in our analysis:

∥f∥ℓ,ε
Ḃs

p,1

:=
∑
j≤Jε

2js∥fj∥Lp and ∥f∥h
Ḃs

p,1
:=
∑
j≥J0

2js∥fj∥Lp .(17)

Note that the norms without the ε-dependency correspond to the spaces used to treat the limit system
(4) in [21, 23, 26]. We emphasize here that our utilization of Besov spaces serves not only to obtain results
in a critical regularity setting but is pivotal for deriving our strong relaxation limit result, as it enables
us to recover sharp dissipative properties. The key insight is that, without implementing a frequency
splitting, only the worst behaviour among the three regimes would prevail, making it impossible to
establish uniform bounds to justify the relaxation limit.

Given the dependence of the norms on K, k and ε, it is necessary to monitor these parameters
when employing Bernstein-type embeddings within each frequency regime. We recall that, in the context
of the Littlewood-Paley theory, Bernstein-type estimates can be applied to each localized-in-frequency
component and allow for the control of the behaviour of the function across different frequency scales.
For instance, one can show that for a distribution localized in the low-frequency regime |ξ| ≤ 1, the L2

norm of its gradient can be bounded by the L2 norm of the distribution (see the first inequality of (18)
for s = 1 and s′ = 1). The following proposition does this seamlessly in our context and directly follows
from the standard Bernstein inequalities derived, for instance, in [6, Chapter 2].

Proposition 2.1 (Bernstein-type inequalities). Let f be a smooth function, p ∈ [1,∞], s ∈ R and
s′ > 0. The following inequalities hold true

∥f∥ℓ
Ḃs

p,1
≲ Ks′∥f∥ℓ

Ḃs−s′
p,1

, ∥f∥h,ε
Ḃs

p,1

≲ ks
′
εs

′
∥f∥h,ε

Ḃs+s′
p,1

,(18)

∥f∥ℓ,ε
Ḃs

p,1

≲ ks
′
ε−s′∥f∥ℓ,ε

Ḃs−s′
p,1

, ∥f∥m,ε

Ḃs
p,1

≲ ks
′
ε−s′∥f∥m,ε

Ḃs−s′
p,1

and ∥f∥m,ε

Ḃs
p,1

≲ K−s′∥f∥m,ε

Ḃs+s′
p,1

.(19)

6The values of K and k can be explicitly determined in our computations. It is essential to choose K and k suitably
large and small, respectively, to ensure that some linear source terms can be absorbed.

7We recall that the (SK) condition is a sufficient algebraic criterion ensuring the stability of partially dissipative systems
and that it is equivalent to the Kalman rank condition, as pointed out in [7]. However, it is not a necessary condition
in the multi-dimensional context. Consequently, whether global-in-time solutions exist when (15) fails remains an open
question.
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2.3. Main results. Before stating our results, we define the functional norm Xε
0 associated with the

initial data:

Xε
0 := Xℓ

0 +Xm,ε
0 +Xh,ε

0 ,(20)

where

Xℓ
0 = ∥(aε0, vε0, θε0, εqε0)∥ℓ

Ḃ
d
2
−1

2,1

, Xm,ε
0 = ∥(θε0, εqε0)∥

m,ε

Ḃ
d
p
−2

p,1 ∩Ḃ
d
p
−1

p,1

+ ∥vε0∥
m,ε

Ḃ
d
p
−1

p,1

+ ∥aε0∥
m,ε

Ḃ
d
p
p,1

,

Xh,ε
0 = ε∥wε

0∥
h,ε

Ḃ
d
2
2,1

+ ε∥vε0∥
h,ε

Ḃ
d
2
+1

2,1

+ ε∥aε0∥
h,ε

Ḃ
d
2
+1

2,1

+ ε∥(θε0, εqε0)∥
h,ε

Ḃ
d
2
+1

2,1

.

We are now ready to state our first result: the well-posedness of system (11) within a critical regularity
framework, provided that the relaxation parameter ε is small enough so the (SK) stability condition
holds.

Theorem 2.1 (Uniform-in-ε global well-posedness for small data). Let ε > 0, d ≥ 3, p ∈ [2, d) and
p ∈ [2, 2d

d−2 ]. There exist constants K, k ∈ Z and η0 > 0 such that for all ε satisfying (15) and if

Xε
0 ≤ η0,

then system (11) admits a unique global-in-time solution (aε, vε, θε, qε) satisfying, for all t > 0,

Xε(t) ≤ CXε
0 ,(21)

where Xε(t) is defined in (43) and C > 0 is a constant independent of t, ε and the initial data.

Remark 2.1. Some remarks are in order.
• To the best of our knowledge, Theorem 2.1 is the first result to show the uniform global well-

posedness of the Navier-Stokes Cattaneo-Christov equations in a multi-dimensional framework.
• The condition (15) allows to employ our hypocoercivity-based methodology. If it is not satisfied,

the frequency regimes are interchanged, rendering our method for deriving uniform a priori
estimates inapplicable. Notably, the condition (15) is equivalent to the (SK) condition ([55]), as
elucidated in our computations.

• The bound (21) provides uniform-in-ε and O(ε) controls of the solution for all times which are
essential to justify the relaxation limit (ε → 0) in Theorem 2.4. It results from a sharp linear
analysis combined with refined and new product laws, in hybrid Besov spaces of L2-Lp-L2-type,
to bound the nonlinear terms (see Propositions B.1-B.2).

• The limitation to dimensions larger than 3 arises from technical difficulties in establishing prod-
uct laws within the critical regularity framework, as apparent in (80) for instance. An alternative
approach to deal with the two-dimensional case, based on a Lagrangian reformulation, is dis-
cussed in Section 7.

Building upon Theorem 2.1, we analyze the large-time asymptotic behaviour of the solutions of
(11).

Theorem 2.2 (Large-time behaviour). Let the assumption of Theorem 2.1 be in force and (aε, vε, θε, qε)

be the corresponding global-in-time solution of (11) associated to the initial data (aε0, v
ε
0, θ

ε
0, q

ε
0). If

(aε0, v
ε
0, θ

ε
0, q

ε
0)

ℓ ∈ Ḃ−σ1
2,∞ for 1− d

2 < σ1 ≤ σ0 = 2d
p − d

2 , then, for all t > 0,

∥Λσ(aε, vε)(t)∥Lp ≤ C(1 + t)−
d
2 (

1
2−

1
p )−

σ+σ1
2 if − σ̃1 < σ ≤ d

p
− 1(22)

and

∥Λσ(θε, εqε)(t)∥Lp ≤ C(1 + t)−
d
2 (

1
2−

1
p )−

σ+σ1
2 if − σ̃1 < σ ≤ d

p
− 2,(23)

with σ̃1 = σ1 + d( 12 − 1
p ), where the operator Λσ is defined by Λσf ≜ F−1 (|ξ|σFf) and the constant C

is independent of t and ε.

Remark 2.2. Some comments are in order.
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• In the seminal work [49], the L1-control of the initial data was pinpointed as a sufficient condition
to derive the large-time behaviour of solutions. Here, our assumption is less restrictive thanks
to the embedding L1 ↪→ Ḃ

− d
2

2,∞.
• The decay rates in (22) and (23) are sharp in the sense that they are uniform-in-ε and align

with the optimal rates achievable for the limit system (4) (derived for instance in [26]).

Before presenting our relaxation limit result, we recall (in a simplified statement) the global well-
posedness result for the limit system (4) established by Danchin and He in [23].

Theorem 2.3 ([23]). Let d ≥ 3, p ∈ [2, d) and p ∈ [2, 2d
d−2 ]. There exists K ∈ Z and η > 0 such that if

X0 ≤ η0,

then system (12) admits a unique global solution (a, u, θ) that, for all t > 0, satisfies

X(t) ≤ X0,

where
X0 = ∥a0∥h

Ḃ
d
p
p,1

+ ∥v0∥h
Ḃ

d
p
−1

p,1

+ ∥θ0∥h
Ḃ

d
p
−1

p,1

+ ∥(a0, v0, θ0)∥ℓ
Ḃ

d
2
−1

2,1

and

X(t) = ∥(a, v, θ)∥ℓ
L∞

T (B
d
2
−1

2,1 )
+ ∥(a, v, θ)∥ℓ

L1
T (B

d
2
+1

2,1 )
(24)

+ ∥a∥h
L∞

T ∩L1
T (B

d
p
p,1)

+ ∥v∥h
L∞

T (B
d
p
−1

p,1 )

+ ∥v∥h
L1

T (B
d
p
+1

p,1 )

+ ∥θ∥h
L∞

T (B
d
p
−2

p,1 )

+ ∥θ∥h
L1

T (B
d
p
p,1)

.

Finally, we present our result on the global-in-time relaxation limit of the Navier-Stokes-Cattaneo-
Christov system (11) to the Navier-Stokes-Fourier system (12) as ε → 0.

Theorem 2.4 (Strong relaxation limit). Let ε > 0 and assume that the hypotheses of Theorem 2.1 are
fulfilled. Let (aε, vε, θε, qε) be the global solution of (11) given by Theorem 2.1 supplemented with initial
data (aε0, v

ε
0, θ

ε
0, q

ε
0) and let (a, v, θ) be the global solution of (12) given by Theorem 2.3 supplemented

with initial data (a0, v0, θ0). We define the error unknowns

(ã, ṽ, θ̃) := (aε − a, vε − v, θε − θ) and (ã0, ṽ0, θ̃0) := (aε0 − a0, v
ε
0 − v0, θ

ε
0 − θ0).

If we assume that

∥(ã0, ṽ0, θ̃0)∥ℓ
Ḃ

d
2
−2

2,1

+ ∥ã0∥h
Ḃ

d
p
−1

p,1

+ ∥(ṽ0, θ̃0)∥h
Ḃ

d
p
−2

p,1

≲ ε,(25)

then, for all T > 0, we have
X̃(T ) ≲ ε,

where

X̃(T ) = ∥(ã, ṽ, θ̃)∥ℓ
L∞

T (B
d
2
−2

2,1 )
+ ∥(ã, ṽ, θ̃)∥ℓ

L1
T (B

d
2
2,1)

+ ∥αqε + κ∇θε∥
L1

T (B
d
p
−1

p,1 )
(26)

+ ∥ã∥h
L∞

T ∩L1
T (B

d
p
−1

p,1 )

+ ∥(ṽ, θ̃)∥h
L∞

T (B
d
p
−2

p,1 )

+ ∥(ṽ, θ̃)∥h
L1

T (B
d
p
p,1)

.

Thus, as ε → 0,

αqε + κ∇θε −→ 0 strongly in L1(R+; Ḃ
d
p−1

p,1 ),

and
(aε − a, vε − v, θε − θ) −→ 0 strongly in E,

where E is the functional space associated to the norm X̃.

Remark 2.3. Some remarks are in order.
• Theorem 2.4 is, to the best of our knowledge, the first result establishing the global-in-time strong

convergence, in dimensions d ≥ 3, of the Navier-Stokes-Cattaneo-Christov systems towards the
Navier-Stokes-Fourier system.
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• The convergence holds in an ill-prepared scenario in the sense that we do not assume the initial
data of (11) to satisfy the limit system constraint: the Fourier law αqε0 = −κ∇θε0. To deal with
the initial-time boundary layer formation, we show that the quantity Q := αqε0 + κ∇θε0 behaves
as e−t/ε in suitable norms.

• As explained in Section 7, our methodology is robust enough to analyze fully hyperbolic approx-
imations of the Navier-Stokes-Fourier systems explored in [27, 34, 51, 52].

2.4. Strategies of proof. We present our strategy to analyze the system (11).

2.4.1. Partial dissipation. In the Navier-Stokes-Cattaneo-Christov system (11), dissipative operators
are present in only two of the four equations: there is diffusion for the velocity field uε through the
stress tensor τε and damping for the heat flux qε. However, to justify the stability of the system, it is
necessary to recover dissipation for all the components. To that matter, it is important to understand
(11) as a combination of

(i) A partially damped coupling between θε and qε, enabling to recover dissipation for θε.
(ii) A partially diffusive coupling between aε and vε, allowing to recover dissipation for aε.

Both of these coupling are related to the study of partially dissipative hyperbolic systems, a topic initially
developed by Shizuta and Kawashima in [55]. There, the authors developed an algebraic condition,
the (SK) condition, ensuring the stability of the system when the hyperbolic eigendirections of the
system avoid the kernel of the dissipation. More recently, Beauchard and Zuazua [7] have framed the
partially dissipative coupling (i) into Villani’s hypocoercivity theory [59] and enhanced its understanding.
Employing tools from the control theory, they show that the interactions between the hyperbolic and
dissipative parts of the system can propagate the dissipation to directions that are not affected by the
damping operator. Then, inspired by this work, Crin-Barat and Danchin [16, 19] obtained new results
for the relaxation associated with partial damping using frequency-localization arguments. It is their
approach that we shall employ to deal with the partially damped coupling inside (12).

The analysis of the coupling of type (ii) goes back to the theory developed by Danchin [20]
concerning the compressible Navier-Stokes equations. However, as we will see below, this coupling
can also be comprehended as an application of the hypocoercivity theory.

In the following two subsections, we revisit the essential aspects of the strategies employed to
investigate linear partially diffusive systems (ii) and the relaxation of linear partially damped systems
(i). The interested reader may also consult [22] for a comprehensive survey on these two phenomena.

2.4.2. Partially diffusive setting. We examine the simplified model

(27)

{
∂ta+ divu = 0,

∂tu+∇a−∆u = 0.

A spectral analysis of the system reveals the following behaviour:
• In the low frequencies regime, |ξ| ≤ K, the solution (a, u) exhibits characteristics akin to

solutions of the heat equation.
• In the high frequencies regime, |ξ| ≥ K, a undergoes a damping effect, and u has a parabolic

behaviour.
Hence, it is appropriate to analyze these two frequency regimes using different techniques.

The low-frequency regime |ξ| ≤ K. In the reference [20], the author formulates a Lyapunov
functional that allows to recover dissipation for the component a, it reads

L1(t) = ∥(a, u)(t)∥2L2 +
1

2

∫
Rd

u · ∇a.(28)

Taking the time derivative of L1 and applying Young’s inequality yields
1

2

d

dt
L1 + ∥(∇a,∇u)∥2L2 ≤ r.h.s,(29)
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where the linear terms on the right-hand side can be absorbed in the low-frequency regime with
Bernstein-type inequalities. Then, using that L1(t) ∼ ∥(a, u)(t)∥2L2 leads to the spectrally expected
stability estimates. Within this regime, computations are restricted to a L2-in-space framework as the
coupling between the equation is necessary to justify the stability of the system. It is worth noting
that the utilization of the perturbed energy functional (28), as well as the others below, aligns with the
theory of hypocoercivity developed by Villani [59].

The high frequencies |ξ| ≥ K. In [30], Haspot introduces the effective velocity unknown
w = u+ (−∆)−1∇a and rewrites (27) as

(30)

{
∂ta+ a = divw,

∂tw −∆w = w +−(−∆)−1∇aε.

Estimating each equation of (30) separately, one obtains

1

p

d

dt
∥a(t)∥pLp + ∥a∥pLp ≤ r.h.s,(31)

1

p

d

dt
∥w(t)∥pLp + ∥∇w∥pLp ≤ r.h.s,(32)

where the linear terms on the right-hand sides can be absorbed in the high-frequency regime with
Bernstein-type inequalities. Furthermore, within this regime, due to the partial diagonalization of the
system with the effective velocity w, computations can be conducted in a Lp-in-space framework for
p ≥ 2.

2.4.3. Relaxation of partially damped systems. Now, let’s explore the justification of the relaxation limit
for a partially dissipative toy model. We focus on the linear heat equation

∂tθ −∆θ = 0.(33)

Its hyperbolic Cattaneo approximation read, for a ε > 0,

(34)

{
∂tθ

ε + divqε = 0,

ε2∂tq
ε +∇θε + qε = 0.

An analysis of the spectral properties of the matrix associated with the system:(
0 iξ

iξ
1

ε

)
(35)

reveals that:

• In low frequencies, |ξ| ≪ 1

ε
, there are two real eigenvalues

1

ε
and εξ2.

• In high frequencies, |ξ| ≫ 1

ε
, two complex conjugate eigenvalues coexist, whose real parts are

asymptotically equal to
1

2ε
.

• The threshold between low and high frequencies is at 1/ε.

This analysis reveals that the solution’s behaviour is significantly influenced by the relationship between
ξ and ε. Notably, there exists a purely damped mode at low frequencies, which contrasts with the purely
parabolic behaviour at low frequencies described in [7, 55]. Additionally, as ε → 0, the high-frequency
regime disappears, leaving the low-frequency behavior to be dominant in the whole frequency space.
This observation is consistent as what persists in the limit exhibits the same behaviour as the limit
equation: a parabolic behaviour for θ, and the Fourier-type law q = −∇θ.

In summary, the hyperbolic Cattaneo-type approximation introduces a purely damped regime in
high frequencies, while preserving the nature of the limit system in low frequencies. Next, we revisit
the analysis of (34) in both frequency regimes.



NAVIER-STOKES-CATTANEO-CHRISTOV SYSTEM 11

The low-frequency regime |ξ| ≤ 1/ε. In the low-frequency regime, we introduce the effective
unknown Qε = qε +∇θε to rewrite (27) as

(36)


∂tθ

ε −∆θε = divQε,

ε∂tQ
ε +

Qε

ε
= −ε∆Qε − ε∆∇θε.

Estimating each equation of (30) separately, we obtain
1

2

d

dt
∥(θε, εQε)(t)∥2L2 + ∥∇θε∥2L2 +

1

ε
∥Qε∥2L2 ≤ r.h.s,(37)

where the right-hand side linear terms are of high order and can be absorbed in the low-frequency regime
using Bernstein-type inequalities. As for the high-frequency regime in the partially diffusive case, the
partial diagonalization of the system enables to work in a Lp-in-space framework with p ≥ 2.

The high-frequency regime |ξ| ≥ 1/ε. Drawing inspiration from hypocoercivity-type argu-
ments (refer to [7, 17, 18, 20, 59]), we define the perturbed energy functional

L2(t) = ∥(θε, εqε)(t)∥2L2 + 2−2j

∫
Rd

qε · ∇θε.(38)

Taking the time derivative of L2 and applying Young’s inequality, we obtain:
1

2

d

dt
L2 +

1

ε
∥(θε, qε)∥2L2 ≤ r.h.s,(39)

Here, the right-hand side linear terms are of low order and can be absorbed in the high-frequency regime
through Bernstein-type inequalities. Then, using that L2(t) ∼ ∥(θε, εqε)(t)∥2L2 leads to the spectrally
expected stability estimates. Again, due to the lack of partial diagonalization for the system, the
computations are restricted to a L2-in-space framework in this regime.

2.4.4. Decomposition of the frequency space for (11). Synthesizing the insights gathered in the preceding
two subsections, to analyze (11), we partition the frequency space into three regimes as follows (refer to
Figure 1):

• Low frequencies: j ≤ J0.
• Medium frequencies: J0 ≤ j ≤ Jε.
• High frequencies: Jε ≤ j.

|ξ|JεJ00
|||

High
frequencies

L2 − Lp

Medium
frequencies

Lp − Lp

Low
frequencies

Lp − L2

Figure 1. Frequency domain splitting for (11)

In Figure 1, for q, r ∈ {2, p}, the notation Lq − Lr indicates that the analysis of the partially damped
coupling can be conducted in Lq-type spaces while the partially diffusive coupling can be studied in Lr

spaces. As ε → 0, Jε → ∞, so (cf. Figure 2)
• The low-frequency regime is not modified.
• The medium-frequency regime covers the high-frequency regime.
• The high-frequency regime disappears.

|ξ|J00
||

Medium-high
frequencies

Lp

Low
frequencies

L2

Figure 2. Frequency decomposition in the limit ε → 0
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This is consistent as the frequency regimes in the limit correspond to the frequency decomposition used
to study the Navier-Stokes-Fourier system (4) in [21]. Furthermore, the analysis outlined here aligns
with the hybrid Besov framework discussed in Section 2.2.

3. Linear analysis: a priori estimates for (11)

In this section, we derive a priori estimates for (11):

(40)


∂ta

ε + divvε = F ε,

∂tv
ε −Aεvε +∇aε + γ∇θε = Gε,

∂tθ
ε + βdivqε + γdivvε = Hε,

ε2∂tq
ε + αqε + κ∇θε = ε2Iε.

where the source terms F ε, Gε, Hε, Iε are assumed to be smooth functions. In what follows, we assume
all constant coefficients to be equal to 1, except for ε. The computations for general coefficients can be
performed similarly, but we opt for this simplification to maintain clarity in our argumentation.

The following proposition gives a priori estimates for the system (40).

Proposition 3.1. Let (aε, vε, θε, qε) be a smooth solution of (40) satisfying

(41) Xε(t) ≪ 1.

Then, we have

Xε(t) ≲X0 + ∥(F ε, Gε, Hε, εIε)∥ℓ
L1

T (Ḃ
d
2
−1)

(42)

+ ∥F ε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Gε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T∩L2

T (Ḃ
d
p
−1

p,1 )

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥F ε∥h,ε
L1

T (Ḃ
d
2
2,1)

+ ∥Gε∥h,ε
L1

T (Ḃ
d
2
−2

2,1 )
+ ∥(Hε, εIε)∥h,ε

L1
T (Ḃ

d
2
2,1)

+ ∥Gε∥h,ε
L2

T (Ḃ
d
2
−1

2,1 )
,

where Xε(t) and Xε
0 are defined in (43) and (20) respectively.

The proof of the Proposition 3.1 will follow directly from the propositions 3.2, 3.3 and 3.4 related
to the analysis of each frequency region.

Before stating its proof we define the following quantities that play a crucial role in justifying our
bootstrap argument. Let

Xε(t) := Xℓ(t) +Xm,ε(t) +Xh,ε(t),(43)

where, for Q := q +∇θ and w := u− (−∆)−1∇a, the low frequency part reads

Xℓ(t) =∥(aε, vε, θε, εqε)∥ℓ
L̃∞

t (Ḃ
d
2
−1

2,1 )
+ ∥(aε, vε, θε)∥ℓ

L1
t (Ḃ

d
2
+1

2,1 )
+ ∥qε∥ℓ

L1
t (Ḃ

d
2
2,1)

+
1

ε
∥Qε∥ℓ

L1
t (Ḃ

d
2
−1

2,1 )
,(44)

the medium-frequency part is defined by

Xm,ε(t) :=∥(θε, εqε)∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 ∩Ḃ
d
p
−1

p,1 )

+ ∥θ∥m,ε

L1
T (B

d
p
p,1∩B

d
p
+1

p,1 )

(45)

+ ∥qε∥m,ε

L1
T (B

d
p
−1

p,1 ∩B
d
p
p,1)

+ ∥qε∥m,ε

L2
T (B

d
p
−2

p,1 ∩B
d
p
−1

p,1 )

+
1

ε
∥Qε∥m,ε

L1
T (B

d
p
−2

p,1 ∩B
d
p
−1

p,1 )

+ ∥wε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥wε∥m,ε

L1
T (B

d
p
+1

p,1 )

+ ∥aε∥m,ε

L∞
T ∩L1

T (Ḃ
d
p
p,1)

+ ∥vε∥m,ε

L∞
T (B

d
p
−1

p,1 ∩B
d
p
p,1)

+ ∥vε∥m,ε

L1
T (B

d
p
+1

p,1 )

+ ∥vε∥m,ε

L2
T (B

d
p
+1

p,1 )
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and the high-frequency part reads

Xh,ε(t) = ε∥aε∥h,ε
L∞

T ∩L1
T (Ḃ

d
2
+1

2,1 )
+ ∥(ε2θε, ε3qε)∥h,ε

L∞
T (Ḃ

d
2
+1

2,1 )
+ ∥(θε, εqε)∥h,ε

L1
T (B

d
2
+1

2,1 )
(46)

+ ∥Qε∥h,ε
L1

T (B
d
p
p,1)

+ ε∥wε∥h,ε
L∞

T (Ḃ
d
2
2,1)

+ ε∥wε∥h,ε
L1

T (B
d
2
+2

2,1 )

+ ε∥vε∥h,ε
L∞

T (B
d
2
+1

2,1 )
+ ε∥vε∥h,ε

L1
T∩L2

T (B
d
2
+2

2,1 )
.

3.1. Low-frequency regime. Let j ≤ J0. We introduce a suitable unknown that partially diagonalizes
the system. We define the effective unknown8

(47) Qε := qε +∇θε,

which satisfies

(48) ∂tεQ
ε +

Qε

ε
= εfε

1 + εIε + εκ∇Hε,

where fε
1 = κ(∇divqε +∇divvε). Inserting (48) in (40), we obtain

(49)


∂ta

ε + divvε = F,

∂tv
ε +∇aε +∇θε −∆vε = G,

∂tθ
ε −∆θε + divvε = −divQε +H,

∂tεQ
ε +

Qε

ε
:= εfε

1 + εI + εκ∇H.

In this subsection, we prove the following result.

Proposition 3.2. Let (aε, vε, θε, qε) be a smooth solution of (49) such that (41) holds. We have

Xℓ(t) ≤Xℓ
0 + ∥(F ε, Gε, Hε, εIε)∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
.(50)

Proof. The equation of Qε can be studied separately from the others. By Lemma B.2 and Proposition
2.1, we have

ε∥Qε∥ℓ
L∞

T (Ḃ
d
2
−1

2,1 )
+

1

ε
∥Qε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≤ ε∥(qε, vε)∥ℓ

L1
T (Ḃ

d
2
+1

2,1 )
+ ε∥(Iε,∇Hε)∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
(51)

≲ ε∥(qε, vε)∥ℓ
L1

T (Ḃ
d
2
+1

2,1 )
+ ε∥Iε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
+Kε∥Hε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )

To derive a priori estimates for aε,vε and θε, we define the following functional of Lyapunov-type

Lℓ
j = ∥(aεj , vεj , θεj )∥2L2 +

1

2

∫
R
vεj∇aεj for j ≤ J0.(52)

Using Young inequality and Proposition 2.1, we have

Lℓ
j ∼ ∥(aεj , vεj , θεj )∥2L2 .(53)

Differentiating in time Lℓ
j , we have

d

dt
Lℓ
j + c22j∥(aεj , vεj , θεj )∥2L2 ≲ ∥divQε

j∥L2∥θεj∥L2 + ∥(F ε
j , G

ε
j , H

ε
j )∥L2∥(aεj , vεj , θεj )∥L2 .(54)

Employing Lemma B.1, using (53), multiplying the resulting equation by 2j(
d
2−1) and summing on

j ≤ J0, we reach

∥(aε, vε, θε)∥ℓ
L∞

T (Ḃ
d
2
−1

2,1 )
+ ∥(aε, vε, θε)∥ℓ

L1
T (Ḃ

d
2
+1

2,1 )
≤ ∥(aε0, vε0, θε0)∥ℓ

Ḃ
d
2
−1

2,1

+ ∥Qε∥ℓ
L1

T (Ḃ
d
2
2,1)

(55)

+ ∥F ε, Gε, Hε∥ℓ
L1

T (Ḃ
d
2
−1)

.

Then, using the Bernstein-type Proposition 2.1, we have

∥Qε∥ℓ
L1

T (Ḃ
d
2
2,1)

≤ K∥Qε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
.(56)

8For general coefficients, one should consider Qε := αqε + κ∇θε here and in the rest of the paper.
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Gathering (51) and (55), and using (56), we obtain

∥(aε, vε, θε, εQε)∥ℓ
L∞

T (Ḃ
d
2
−1

2,1 )
+(

1

ε
−K)∥Qε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
+ ∥(aε, vε, θε)∥ℓ

L1
T (Ḃ

d
2
+1

2,1 )

≤∥(aε0, vε0, θε0, εQε
0)∥ℓ

Ḃ
d
2
−1

2,1

+ ∥F ε, Gε, Hε, εIε∥ℓ
L1

T (Ḃ
d
2
−1)

.

Since qε = Qε − κ∇θε and K < 1/ε, updating the constants, we have

∥(aε, vε, θε, εqε)∥ℓ
L∞

T (Ḃ
d
2
−1

2,1 )
+

1

ε
∥Qε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
+ ∥qε∥ℓ

L1
T (Ḃ

d
2
2,1)

+ ∥(aε, vε, θε)∥ℓ
L1

T (Ḃ
d
2
+1

2,1 )

≲ ∥(aε0, vε0, θε0, εQε
0)∥ℓ

Ḃ
d
2
−1

2,1

+ ∥F ε, Gε, Hε, εIε∥ℓ
L1

T (Ḃ
d
2
−1)

which concludes the proof of Proposition 3.2. □

3.2. Medium-frequency regime. Let J0 ≤ j ≤ Jε. In this intermediate regime, roughly, we will
rely on J0 ≤ j when dealing with the unknowns aε and uε and on j ≤ Jε for the unknowns θ and q.
Inspired by the high-frequency analysis performed for the Navier-Stokes systems in [30], in addition to
the damped mode Qε, we introduce the effective velocity wε = vε + (−∆)−1∇aε to further diagonalize
the system, it reads

(57)


∂ta

ε + aε + uε · ∇aε = divwε + F ε
1 ,

∂tw
ε −∆wε = wε − (−∆)−1∇aε +∇θε +Gε + (−∆)−1∇F ε,

∂tθ
ε −∆θε = −divwε − aε + divQε +Hε,

∂tεQ
ε +

Qε

ε
= εfε

1 + ε∇aε + εIε + εκ∇Hε,

where F ε
1 = F ε + uε · ∇aε. We have the following proposition.

Proposition 3.3. Let (aε, vε, θε, qε) be a smooth solution of (49) such that (41) holds. We have

Xm,ε(t) ≲ Xm,ε
0 + ∥F ε

1 ∥
m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Gε∥m,ε

L1
T∩L2

T (Ḃ
d
p
−1

p,1 )

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

(58)

Proof. Since all the linear part of the equations in (57) are decoupled, up to low or high-order linear
source terms, they can be estimated separately and one can derive a priori estimates in a Lp framework.
For the first two equations, employing Lemmas B.2 and B.3 gives

∥aε∥m,ε

L∞
T (Ḃ

d
p
p,1)

+ ∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

≲ ∥aε0∥
m,ε

Ḃ
d
p
p,1

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥∇u∥
L1

T (Ḃ
d/p
p,1 )

∥aε∥
L∞

T (Ḃ
d/p
p,1 )

+ ∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
p,1)

≲ ∥aε0∥
m,ε

Ḃ
d
p
p,1

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+Xε(t)2 + ∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
p,1)

(59)

and

∥wε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

≲ ∥wε
0∥

m,ε

Ḃ
d
p
−1

p,1

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥aε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Gε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+Xε(t)2 + ∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
−2

p,1 )

.(60)

Thanks to Proposition 2.1, we have

∥aε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

≲
1

K2
∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

and ∥wε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

≲
1

K2
∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

.(61)

Multiplying (59) by a small fixed constant, adding it to (60), using (61) and choosing K large enough
so that 1/K2 > 1, we get

∥wε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥aε∥m,ε

L∞
T ∩L1

T (Ḃ
d
p
p,1)

≲ ∥wε
0∥

m,ε

Ḃ
d
p
−1

p,1

+ ∥aε0∥
m,ε

Ḃ
d
p
p,1

+ ∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Gε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+Xε(t)2 + ∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
p,1)

.(62)
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For θε and Qε, we have

∥θε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

≲ ∥θ0∥m,ε

Ḃ
d
p
−2

p,1

+∥wε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+∥aε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+∥Qε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

and

ε∥Qε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+
1

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

≤Xε
0 + ε∥qε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ε∥wε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ε∥aε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ε∥∇Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

.

Using Proposition 2.1, we get

∥θε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

≤ ∥θε0∥
m,ε

Ḃ
d
p
−2

p,1

+
1

K2
(∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

)+
κ

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

and

ε∥Qε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+
1

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

≲ Xε
0 +

k2

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ k∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

+
ε

K
(∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

)

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

,

where we used that

ε∥qε∥m,ε

L1
T (Ḃ

d
p
p,1)

≤ κ2

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ k∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

.

Adding the above estimates for θε and Qε with (62) multiplied by 1
2 , and adjusting the constant k, ε

and K so that the linear right-hand side terms can be absorbed by the left-hand side terms, we get

∥wε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥aε∥m,ε

L∞
T ∩L1

T (Ḃ
d
p
p,1)

+ ∥θε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

(63)

+ ∥θε∥m,ε

L1
T (Ḃ

d
p
p,1)

+ ε∥Qε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+
1

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

≲ Xm,ε
0 +Xε(t)2 + ∥Gε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

.

Then, using that qε = Qε − κ∇θε, we recover

ε∥qε∥m,ε

L∞
T (Ḃ

d
p
−2

p,1 )

+ ∥qε∥m,ε

L2
T (Ḃ

d
p
−2

p,1 )

+ ∥qε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

≲ Xε
0 + ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

.(64)

To control the nonlinear terms, additional regularity properties are necessary for θε, Qε and vε.
Additional regularity for θε and Qε. Performing similar computations at a higher regularity index,
we derive

∥θε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥θε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

≲ ∥θε0∥
m,ε

Ḃ
d
p
−1

p,1

+
1

K
(∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

)(65)

+
κ

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

and

ε∥Qε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+
1

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

≲Xε
0 +

k2

ε
∥Qε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ k∥θε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

(66)

+ ε(∥wε∥m,ε

L1
T (Ḃ

d
p
+1

p,1 )

+ ∥aε∥m,ε

L1
T (Ḃ

d
p
p,1)

)

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

.

Using that qε = Qε − κ∇θε, we have

∥εqε∥m,ε

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥qε∥m,ε

L2
T (Ḃ

d
p
−1

p,1 )

+ ∥qε∥m,ε

L1
T (Ḃ

d
p
p,1)

≲ Xε
0 + ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

.(67)
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Additional regularity for vε. The equation of vε reads

∂tv
ε −∆vε +∇aε +∇θε = Gε.

Using Lemma B.2, we obtain

∥vε∥m,ε

L∞
T (Ḃ

d
p
p,1)

+ ∥vε∥m,ε

L2
T (Ḃ

d
p
+1

p,1 )

≤ ∥vε0∥
m,ε

Ḃ
d
p
p,1

+ ∥(∇aε,∇θε)∥m,ε

L2
T (Ḃ

d
p
−1

p,1 )

+ ∥Gε∥m,ε

L2
T (Ḃ

d
p
−1

p,1 )

.(68)

Conclusion of the proof of Proposition 3.3. Adding (65)-(66)-(67) to (63) and (64), and using
(41) and that

ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 )

≤ 1

K

(
ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

)
,

conclude the proof of Proposition 3.3 when ε and κ are chosen small enough and K large enough. □

3.3. High-frequency regime. Let j ≥ Jε. In this regime, we cannot use the unknown Q to partially
diagonalize the system but using wε = vε + (−∆)−1∇aε is still effective. The linear system we are
interested in reads

(69)


∂ta

ε + aε + vε · ∇aε = divwε + F ε
1 ,

∂tw
ε −∆wε = wε − (−∆)−1∇aε +∇θε + (−∆)−1∇F ε +Gε,

∂tθ
ε + vε · ∇θε + (1 + J(aε))divqε + divwε = Hε

1 ,

ε2∂tq
ε + ε2vε · ∇qε + qε +∇θε = ε2Iε1 ,

where Iε1 = Iε + vε · ∇qε and Hε
1 = Hε − J(aε))divqε + vε · ∇θε. We prove the following statement.

Proposition 3.4. Let (aε, vε, θε, qε) be a smooth solution of (49) such that (41) holds. We have

Xh(t) ≤ Xh
0 + ε∥(Gε, Hε)∥h,ε

L1
T (Ḃ

d
2
2,1)

+ ε∥Gε∥h,ε
L2

T (Ḃ
d
2
2,1)

+ ∥(εF ε
1 , ε

2Hε
1 , ε

3Iε, ε2Rε
1)∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )

+ ε∥∂tJ(aε)∥
L∞

T (Ḃ
d
2
2,1)

∥ε2qε∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
.(70)

Proof. Since j ≥ Jε implies j ≥ J0, the estimates for aε and wε follow the same lines as in the previous
section, we have

∥wε∥h,ε
L∞

T (Ḃ
d
2
2,1)

+ ∥wε∥h,ε
L1

T (Ḃ
d
2
+2

2,1 )
+ ∥aε∥h,ε

L∞
T ∩L1

T (Ḃ
d
2
+1

2,1 )
≤∥wε

0∥
h,ε

Ḃ
d
2
2,1

+ ∥aε0∥
h,ε

Ḃ
d
2
+1

2,1

+ ∥θε∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
(71)

+ ∥Gε∥h,ε
L1

T (Ḃ
d
2
2,1)

+ ∥F ε
1 ∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
.

Concerning θ and q, we define the functional of Lyapunov-type

Lh
j =

∫
Rd

|θεj |2 +
∫
Rd

(1 + J(aε))|qεj |2 + 2−2jη

∫
Rd

qεj · ∇θεj for j ≥ Jε(72)

and for η > 0 a positive constant to be adjusted. Differentiating in time Lh
j , we get

1

2

d

dt

(∫
Rd

|θεj |2 +
∫
Rd

(1 + J(aε))|εqεj |2
)
+

1

ε2
∥εqεj∥2L2 ≲

∫
Rd

divwε
j · θεj +

∫
Rd

∆̇j(v
ε · ∇qε)qεj (1 + J(aε))

+

∫
Rd

∆̇j(v
ε · ∇θε)qεj (1 + J(aε))

+

∫
Rd

Hε
1,j · θεj +

∫
Rd

ε2Iε1,j · qεj (1 + J(aε))

−
∫
Rd

∫
Rd

J(aε)|qεj |2 −
∫
Rd

∂t(J(a
ε))|εqεj |2 +

∫
Rd

Rε
jθ

ε
j .
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where Rε
j = [J(aε), ∆̇j ]divqε. Then, using Lemma B.3 to deal with the advection terms, we obtain

1

2

d

dt

(∫
Rd

|θεj |2 +
∫
Rd

(1 + J(aε))|qεj |2
)
+

1

ε2
∥εqεj∥2L2 ≲ ∥divwε

j∥L2∥θεj∥L2 + cj2
−j d

2Xε(t)2∥qε∥L2(1 + ∥J(aε)∥L∞)

+ ∥(Hε
1 , εI

ε
1,j , R

ε
j)∥L2∥(θεj , εqεj )∥L2

+ ∥(J(aε), ∂tJ(aε))∥L∞∥qεj∥2L2 ,

where (cj)j≥Jε is a sequence such that
∑

j≥Jε
cj = 1. Then, thanks to (41) and composition estimates,

we have ∥J(aε)∥L∞ ≪ 1 and

1

2

d

dt

(∫
Rd

|θεj |2 +
∫
Rd

(1 + J(aε))|qεj |2
)
+

1

ε2
∥εqεj∥2L2 ≲ ∥divwε

j∥L2∥θεj∥L2 + cj2
−j d

2Xε(t)2∥qε∥L2(73)

+ ∥(Hε
1 , εI

ε
1,j , R

ε
j)∥L2∥(θεj , εqεj )∥L2

+ ∥∂tJ(aε))∥L∞∥qεj∥2L2 .

Differentiating in time the third term of the Lyapunov functional (72), we obtain
d

dt

∫
Rd

qεj · ∇θεj +
1

ε2
∥∇θεj∥2L2 ≲ ∥divqεj∥2L2 +

1

ε2

∫
Rd

qεj · ∇θεj +

∫
Rd

divwε
j · divqεj

+

∫
Rd

∇Hε
j · qεj +

∫
Rd

Iεj · ∇θεj .

Using Cauchy-Schwarz, Young and Berstein inequalities, we have

2−2j η

ε2

∫
Rd

qεj · ∇θεj ≲ 2−2j η

ε2
∥qεj∥L2∥∇θεj∥L2

≲ 2−j η

ε2
∥qεj∥L2∥θj∥L2

≲
k−1η

ε
∥qεj∥L2∥θεj∥L2

≲
k−2η2

2
∥qεj∥2L2 +

1

2ε2
∥θεj∥2L2 .

Similarly,

2−2j

∫
Rd

divwε
j · divqεj ≲

1

2
∥wε

j∥2L2 +
1

2
∥qεj∥2L2 .

Thus, choosing η small enough such that η ≤ k, we infer
d

dt
L2
j +

1

ε2
∥(θεj , εqεj )∥2L2 ≲ ∥divwε

j∥L2∥θj∥L2 + cj2
−j d

2Xε(t)2(74)

+ ∥(Hε
1 , εI

ε
1,j , R

ε
j)∥L2∥(θεj , εqεj )∥L2 +

1

ε
2−j∥Hε

j ∥L2∥εqεj∥L2

+ ∥∂tJ(aε))∥L∞∥εqεj∥2L2 ,

where we used that

2−2j

∫
Rd

∇Hε
j · qεj + 2−2j

∫
Rd

Iεj · ∇θεj ≲
1

ε
2−j∥Hε

j ∥L2∥εqεj∥L2 + ∥εIε1,j∥L2∥θεj∥L2 .

Then, we prove the following lemma

Lemma 3.1. The function Lh
j is equivalent to the L2-norm of the solution, we have

Lh
j ∼ ∥(θεj , εqεj )∥2L2 .

Proof. Using Young’s inequality, we obtain

2−2j

∫
Rd

qεj · ∇θεj ≲ 2−2j(∥qεj∥2L2 + 22j∥θεj∥2L2)

≲ 2−2j∥qεj∥2L2 + ∥θεj∥2L2

≲ ε2∥qεj∥2L2 + ∥θεj∥2L2

≲ ∥(θεj , εqεj )∥2L2
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and since (41) implies that ∥J(aε)∥L∞ ≪ 1, we obtain the desired result. □

Applying Lemma 3.1 and Lemma B.1 to (74), we get

∥(θε, εqε)∥h,ε
L∞

T (Ḃ
d
2
+1

2,1 )
+

1

ε2
∥(θε, εqε)∥h,ε

L1
T (Ḃ

d
2
+1

2,1 )
≲ ∥(θε0, εqε0)∥

h,ε

Ḃ
d
2
+1

2,1

+ ∥wε∥h,ε
L1

T (Ḃ
d
2
+2

2,1 )
(75)

+ ∥(Hε
1 , εI

ε, Rε)∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
+

1

ε
∥Hε∥h,ε

L1
T (Ḃ

d
2
2,1)

+

∫ T

0

∥∂tJ(aε)∥
Ḃ

d
2
2,1

∥εqε∥h,ε
Ḃ

d
2
+1

2,1

+Xε(t)2.

Multiplying (75) by ε, adding it to (71), yields

∥wε∥h,ε
L∞

T (Ḃ
d
2
2,1)

+ ∥(εθε, ε2qε)∥h,ε
L∞

T (Ḃ
d
2
+1

2,1 )
+ ∥wε∥h,ε

L1
T (Ḃ

d
2
+2

2,1 )
+
1

ε
∥(θε, εqε)∥h,ε

L1
T (Ḃ

d
2
+1

2,1 )
+ ∥aε∥h,ε

L∞
T ∩L1

T (Ḃ
d
2
+1

2,1 )

≲ ∥wε
0∥

h,ε

Ḃ
d
2
2,1

+ ∥(εθε0, ε2qε0, aε0)∥
h,ε

Ḃ
d
2
+1

2,1

+Xε(t)2 + ∥Gε∥h,ε
L1

T (Ḃ
d
2
2,1)

+ ∥F ε∥h,ε
L1

T (Ḃ
d
2
2,1)

(76)

+ ∥(εHε
1 , ε

2Iε, εRε
1)∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
+ ∥Hε∥h,ε

L1
T (Ḃ

d
2
2,1)

+

∫ T

0

∥∂tJ(aε)∥
Ḃ

d
2
2,1

∥ε2qε∥h,ε
Ḃ

d
2
+1

2,1

.

Again, to deal with nonlinearities we need additional L2-in-time information for vε.

Additional regularity for the velocity. Recall that vε satisfies

∂tv
ε −∆vε +∇aε +∇θε = Gε.(77)

Applying Lemma B.2 to (77) yields

∥vε∥h,ε
L∞

T (Ḃ
d
2
+1

2,1 )
+ ∥vε∥h,ε

L2
T (Ḃ

d
2
+1

2,1 )
≤ ∥vε0∥

h,ε

Ḃ
d
2
2,1

+ ∥(∇aε,∇θε)∥h,ε
L2

T (Ḃ
d
2
−1

2,1 )
+ ∥Gε∥h,ε

L2
T (Ḃ

d
2
−1

2,1 )
.(78)

Multiplying (78) by 1/2, adding it to (76) and multiplying the resulting inequality by ε concludes the
proof of Proposition 3.4. □

4. Proof of Theorem 2.1: nonlinear analysis

In this section, we estimate the nonlinear terms appearing on the right-hand side of (42) in
Proposition 3.1.

4.1. Low frequencies: nonlinear analysis. We prove the following lemma.

Lemma 4.1. Let (aε, vε, θε, qε) be a smooth solution of (49), we have

∥(F ε, Gε, Hε, εIε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≤ X(t)2.

Proof. First, we focus on the term Iε = vε · ∇qε − qε · ∇vε + qεdivvε. To this end, we shall employ the
following two inequalities (see [23]):

(79) ∥Tfg∥
Ḃ

s−1+ d
2
− d

p
2,1

≲ ∥f∥
Ḃ

d
p
−1

p,1

∥g∥Ḃs
p,1

if d ≥ 2 and
d

d− 1
≤ p ≤ min(4, d∗),

(80) ∥R(f, g)∥
Ḃ

s−1+ d
2
− d

p
2,1

≲ ∥f∥
Ḃ

d
p
−1

p,1

∥g∥Ḃs
p,1

if s > 1−min
(d
p
,
d

p′

)
and 1 ≤ p ≤ 4,

where 1/p+ 1/p′ = 1 and d∗ ≜ 2d
d−2 . Using Bony’s para-product decomposition, we have

(81) vε · ∇qε = T∇qεv
ε +R(∇qε, vε) + Tvε∇qℓ,ε + Tvε∇qh.
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Thanks to (79) and (80) with s = d
p , we get

∥T∇qεv
ε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥∇qε∥

L1
T (Ḃ

d
p
−1

p,1 )
∥vε∥

L∞
T (Ḃ

d
p
p,1)

,

∥R(∇qε, vε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥∇qε∥

L1
T (Ḃ

d
p
−1

p,1 )
∥vε∥

L∞
T (Ḃ

d
p
p,1)

.

It follows from the definition of Xε and (18)-(19) that

(82) ∥∇qε∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ ∥qε∥ℓ

L1
T (Ḃ

d
2
2,1)

+ ∥qε∥m
L1

T (Ḃ
d
p
p,1)

+ ∥qε∥h
L1

T (Ḃ
d
2
2,1)

≲ Xε

and

(83) ∥vε∥
L∞

T (Ḃ
d
p
p,1)

≲ K∥vε∥ℓ
L∞

T (Ḃ
d
2
−1

2,1 )
+ ∥vε∥m

L∞
T (Ḃ

d
p
p,1)

+ ∥vε∥h
L∞

T (Ḃ
d
2
2,1)

≲ Xε.

Since T maps L∞ × Ḃ
d
2−1
2,1 to Ḃ

d
2−1
2,1 ,

(84) ∥Tvε∇qℓ,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥L∞

T (L∞)∥∇qℓ,ε∥
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥

L∞
T (Ḃ

d
p
p,1)

∥qε∥ℓ
L1

T (Ḃ
d
2
2,1)

≲ XεXℓ,ε.

In order to handle the term Tvε∇qh, we observe that owing to the spectral cut-off, there exists a universal
integer N0 such that (

Tvε∇qh
)ℓ

= ṠJ0+1

( ∑
|j−J0|≤N0

Ṡj−1v
ε∆̇j∇qh

)
.

Hence ∥Tvε∇qh∥ℓ
Ḃ

d
2
−1

2,1

≈ 2J0(
d
2−1)

∑
|j−J0|≤N0

∥Ṡj−1v
ε∆̇j∇qh∥L2 . If 2 ≤ p ≤ min(d, d∗) then one may

use that, for |j − J0| ≤ N0,

2J0(
d
2−1)∥Ṡj−1v

ε∆̇j∇qh∥L2 ≲ ∥Ṡj−1v
ε∥Ld

(
2j(

d
d∗ −1)∥∆̇j∇qh∥Ld∗

)
≲ ∥vε∥Ḃ0

d,1
∥∇qh∥

Ḃ
d
d∗−1

d∗,∞

≲ ∥vε∥
Ḃ

d
p
−1

p,1

∥qh∥
Ḃ

d
p
p,1

,

where we have used the embeddings Ḃ
d
p−1

p,1 ↪→ Ḃ0
d,1 ↪→ Ld and Ḃ

d
p−1
p,∞ ↪→ Ḃ

d
d∗−1

d∗,∞ . If d ≤ p ≤ 4, then it
holds that

2J0(
d
2−1)∥Ṡj−1v

ε∆̇j∇qh∥L2 ≲
(
2j

d
4 ∥Ṡj−1v

ε∥L4

)(
2j(

d
4−1)∥∆̇j∇qh∥L4

)
≲ 2J0

(
2j(

d
p−1)∥Ṡj−1v

ε∥Lp

)(
2j(

d
p−1)∥∇qh∥Lp

)
≲ ∥vε∥

Ḃ
d
p
−1

p,1

∥qh∥
Ḃ

d
p
p,1

.

Hence, we deduce that

(85)
∥Tvε∇qh∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥qh∥

L1
T (Ḃ

d
p
p,1)

≲ (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε) ≲ (Xε)2.

Bounding the other nonlinear terms follows from a similar process, we give the sketch of compu-
tations since we need to track the uniformity of relaxation parameter ε. Let us take a look at the term
qε · ∇vε. We have

(86) ∥T∇vεqε +R(∇vε, qε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥∇vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥qε∥

L1
T (Ḃ

d
p
p,1)

≲ (Xε)2,

(87) ∥Tqε∇vℓ,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥qε∥

L1
T (Ḃ

d
p
p,1)

∥vℓ,ε∥
L∞

T (Ḃ
d
2
−1

2,1 )
≲ XεXℓ,ε

and
∥Tqε∇vh∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥qε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥vh∥

L1
T (Ḃ

d
p
p,1)

≲ (
1

ε
Xℓ,ε +

1

ε
Xm,ε +

1

ε
Xh,ε)(Xm,ε + εXh,ε) =

1

ε
Xε(Xm,ε + εXh,ε).
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Similarly, we have

(88) ∥qεdivvε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲

1

ε
(Xε)2.

Next, we estimate the nonlinear terms F ε, Gε, Hε. We write

vε · ∇aε = T∇aεvε +R(vε · ∇aε) + Tvε∇aℓ,ε + Tvε∇ah,ε.

We have

(89) ∥T∇aεvε +R(vε · ∇aε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥∇aε∥

L2
T (Ḃ

d
p
−1

p,1 )
∥vε∥

L2
T (Ḃ

d
p
p,1)

≲ (Xε)2,

where we employed the interpolation and the definition of Xε to get

∥aε∥
L2

T (Ḃ
d
p
p,1)

≲ ∥aℓ,ε∥
L∞

T (Ḃ
d
p
−1

p,1 )∩L1
T (Ḃ

d
p
+1

p,1 )
+ ∥am,ε∥

L∞
T (Ḃ

d
p
p,1)∩L1

T (Ḃ
d
p
p,1)

+ ∥ah,ε∥
L∞

T (Ḃ
d
p
p,1)∩L1

T (Ḃ
d
p
p,1)

≲ Xε

and

∥vε∥
L2

T (Ḃ
d
p
p,1)

≲ ∥vℓ,ε∥
L∞

T (Ḃ
d
p
−1

p,1 )∩L1
T (Ḃ

d
p
+1

p,1 )
+ ∥vm,ε∥

L∞
T (Ḃ

d
p
−1

p,1 )∩L1
T (Ḃ

d
p
+1

p,1 )
+ ∥vh,ε∥

L∞
T (Ḃ

d
p
p,1)∩L1

T (Ḃ
d
p
p,1)

≲ Xℓ,ε +Xm,ε +Xh,ε + εXh,ε ≲ Xε.

It follows from Sobolev embedding that

(90) ∥Tvε∇aℓ,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥L2(L∞)∥∇aℓ,ε∥

L2
T (Ḃ

d
2
−1

2,1 )
≲ ∥vε∥

L2
T (Ḃ

d
p
p,1)

∥aℓ,ε∥
L2

T (Ḃ
d
2
2,1)

≲ XεXℓ,ε.

Similarly,

∥Tvε∇ah∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥ah∥

L1
T (Ḃ

d
p
p,1)

≲ (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε) ≲ Xε(Xm,ε +Xh,ε).(91)

For aεdivvε, we obtain

∥aεdivvε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
(92)

≲ ∥vε∥
L2

T (Ḃ
d
p
p,1)

∥aε∥
L2

T (Ḃ
d
p
p,1)

+ ∥aε∥
L2

T (Ḃ
d
p
p,1)

∥vℓ,ε∥
L2

T (Ḃ
d
2
−1

2,1 )
+ ∥aε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥vh∥

L1
T (Ḃ

d
p
p,1)

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε + εXh,ε).(93)

We now focus on Gε. Regarding vε · ∇vε, we have

∥vε · ∇vε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥2

L2
T (Ḃ

d
p
p,1)

+ ∥vε∥
L2

T (Ḃ
d
p
p,1)

∥vℓ,ε∥
L2

T (Ḃ
d
2
−1

2,1 )
+ ∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥vh∥

L1
T (Ḃ

d
p
p,1)

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε + εXh,ε).(94)

Using the composition estimate 315, we obtain

∥J(aε)Avε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥

L1
T (Ḃ

d
p
+1

p,1 )
∥aε∥

L∞
T (Ḃ

d
p
p,1)

+ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥vℓ,ε∥
L1

T (Ḃ
d
2
+1

2,1 )

+∥aε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥vh∥

L1
T (Ḃ

d
p
+1

p,1 )

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε),(95)

∥K1(a
ε)∇aε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥aε∥2

L2
T (Ḃ

d
p
p,1)

+ ∥aε∥
L2

T (Ḃ
d
p
p,1)

∥aℓ,ε∥
L2

T (Ḃ
d
p
p,1)

+ ∥aε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥ah∥

L1
T (Ḃ

d
p
p,1)

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε)(96)

and

∥K2(a
ε)∇θε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥θε∥

L2
T (Ḃ

d
p
p,1)

∥aε∥
L2

T (Ḃ
d
p
p,1)

+∥aε∥
L2

T (Ḃ
d
p
p,1)

∥θℓ,ε∥
L2

T (Ḃ
d
2
2,1)

+ ∥aε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥θh∥

L1
T (Ḃ

d
p
p,1)

.(97)
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Using an interpolation inequality, we have

∥θε∥
L2

T (Ḃ
d
p
p,1)

≲ ∥θℓ,ε∥
L∞

T (Ḃ
d
p
−1

p,1 )∩L1
T (Ḃ

d
p
+1

p,1 )
+ ∥θm,ε∥

L∞
T (Ḃ

d
p
−1

p,1 )∩L1
T (Ḃ

d
p
+1

p,1 )
+ ∥θh,ε∥

L∞
T (Ḃ

d
p
p,1)∩L1

T (Ḃ
d
p
p,1)

≲ Xℓ,ε +Xm,ε + ε∥θh,ε∥
L∞

T (Ḃ
d
2
2,1)

+
1

ε
∥θh,ε∥

L1
T (Ḃ

d
2
2,1)

≲ Xε,

which leads to

∥K2(a
ε)∇θε∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε + εXh,ε),(98)

∥T∇K3(aε)θ
ε +R(∇K3(a

ε), θε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥∇K3(a

ε)∥
L2

T (Ḃ
d
p
−1

p,1 )
∥θε∥

L2
T (Ḃ

d
p
p,1)

≲ (Xε)2,(99)

∥Tθε∇K3(a
ε)ℓ∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥θε∥

L2
T (Ḃ

d
p
p,1)

∥∇K3(a
ε)ℓ∥

L2
T (Ḃ

d
2
−1

2,1 )
.(100)

Using that ∇K3(a
ε) = K ′

3(0)∇aε+ K̃3(a
ε)∇aε for some smooth function K̃3 vanishing at zero, we have

∥K̃3(a
ε)∇aε∥ℓ

L2
T (Ḃ

d
2
−1

2,1 )
≲ ∥aε∥

L2
T (Ḃ

d
p
p,1)

∥aε∥
L∞

T (Ḃ
d
p
p,1)

+∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥aℓ,ε∥
L2

T (Ḃ
d
p
p,1)

+ ∥aε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥ah∥

L2
T (Ḃ

d
p
p,1)

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε).(101)

The final term Tθε∇K3(a
ε)h̃ can be similarly estimated as follows

∥Tθε∇K3(a
ε)h̃∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥θε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥∇K3(a

ε)h̃∥
L1

T (Ḃ
d
p
−1

p,1 )

≲ Xε(Xm,ε +Xh,ε + (Xε)2).(102)

For the nonlinear term vε · ∇θε, we employ Bony’s para-product decomposition: vε · ∇θε ≜ T∇θεvε +

R(vε · ∇θε) + Tvε∇θℓ,ε + Tvε∇θh,ε. We have

∥T∇θεvε +R(vε · ∇θε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥θε∥

L2
T (Ḃ

d
p
p,1)

∥vε∥
L2

T (Ḃ
d
p
p,1)

≲ (Xε)2,

∥Tvε∇θℓ,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥L2

T (L∞)∥θℓ,ε∥
L2

T (Ḃ
d
2
−1

2,1 )
≲ XεXℓ,ε,

and

∥Tvε∇θh,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥θh,ε∥

L1
T (Ḃ

d
p
p,1)

≲ (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε + εXh,ε).

For the term I(aε)∆θε ≜ I(aε)∆θℓ,ε + I(aε)∆θh̃,ε, we obtain

∥I(aε)∆θℓ,ε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥I(aε)∥L∞

T (L∞)∥∆θℓ,ε∥
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥aε∥

L∞
T (Ḃ

d
p
p,1)

∥θℓ,ε∥
L1

T (Ḃ
d
2
+1

2,1 )
≲ XεXℓ,ε.

For the second term, we write I(aε)∆θh̃,ε = TI(aε)∆θh̃ +R(I(aε),∆θh̃) and we use that R and T map

Ḃ
d
p−2

p,1 × Ḃ
d
p

p,1 → Ḃ
d
2−2
2,1 ,

for p < d and d ≥ 3. This leads to

∥TI(aε)∆θh̃ +R(I(aε),∆θh̃)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ K∥TI(aε)∆θh̃ +R(I(aε),∆θh̃)∥

≲ ∥I(aε)∥
L∞

T (Ḃ
d
p
p,1)

∥∆θh̃∥
L1

T (Ḃ
d
p
−2

p,1 )
(103)

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥θh̃∥
L1

T (Ḃ
d
p
p,1)

≲ Xε(Xm,ε + εXh,ε).(104)
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Next, we focus on
N(∇vε,∇vε)

1 + aε
≜ (1 + J(a))N(∇vε,∇vε). Using the continuity of the para-product

and remainder operators, we obtain

∥TJ(a)∇u⊗∇u∥
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥J(a)∥L∞

T (L∞)∥∇vε ⊗∇vε∥
L1

T (Ḃ
d
2
−2

2,1 )
,(105)

∥R(J(a),∇vε ⊗∇vε)∥
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥J(a)∥L∞

T (L∞)∥∇vε ⊗∇vε∥
L1

T (Ḃ
d
2
−2

2,1 )
(106)

and

∥T∇vε⊗∇vεJ(a)∥
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥∇vε ⊗∇vε∥

L1
T (Ḃ

d
p∗ −2

p∗,1
)
∥J(a)∥

L∞
T (Ḃ

d
p
p,1)

≲ ∥∇vε ⊗∇vε∥
L1

T (Ḃ
d
2
−2

2,1 )
∥J(a)∥

L∞
T (Ḃ

d
p
p,1)

.(107)

It follows from the mapping

Ḃ
d
p−1

p,1 × Ḃ
d
p−1

p,1 → Ḃ
d
2−2
2,1 ,

for 2 ≤ p ≤ 2d/d− 2, p < d and d ≥ 3, where 1/p+ 1/p∗ = 1/2, that

∥N(∇vε,∇vε)

1 + aε
∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ K∥N(∇vε,∇vε)

1 + aε
∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )

≲ (1 + ∥a∥
L∞

T (Ḃ
d
p
p,1)

)∥∇vε∥2
L2

T (Ḃ
d
p
−1

p,1 )

≲ (1 +Xε)(Xε)2.(108)

Now we bound H1(a
ε)θεdiv vε. We write H1(a

ε)θεdiv vε = TH1(aε)divvεθ
ε + R(H1(a

ε)div vε, θε) +

Tθε(H1(a
ε)divvε)ℓ + Tθε(H1(a

ε)divvε)h̃. Similarly, one gets

∥TH1(aε)divvεθ
ε +R(H1(a

ε)divvε, θε)∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≲ ∥H1(a

ε)divvε∥
L2

T (Ḃ
d
p
−1

p,1 )
∥θε∥

L2
T (Ḃ

d
p
p,1)

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥vε∥
L2

T (Ḃ
d
p
p,1)

∥θε∥
L2

T (Ḃ
d
p
p,1)

≲ (Xε)3.(109)

By applying a similar procedure that led to (102), we obtain

∥H1(a
ε)divvε∥ℓ

L2
T (Ḃ

d
2
−1

2,1 )
≲ ∥divvε∥

L2
T (Ḃ

d
p
−1

p,1 )
∥aε∥

L∞
T (Ḃ

d
p
p,1)

+∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥divvℓ,ε∥
L2

T (Ḃ
d
2
−1

2,1 )
+ ∥aε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥divvh∥

L2
T (Ḃ

d
p
−1

p,1 )

≲ (Xε)2 +XεXℓ,ε + (Xℓ,ε +Xm,ε + εXh,ε)(Xm,ε +Xh,ε),(110)

which yields

∥Tθε(H1(a
ε)divvε)ℓ∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥θε∥

L2
T (Ḃ

d
p
p,1)

∥H1(a
ε)divvε∥ℓ

L2
T (Ḃ

d
2
−1

2,1 )
≲ (Xε)3.(111)

It follows that

∥Tθε(H1(a
ε)divvε)h̃∥ℓ

L1
T (Ḃ

d
2
−1

2,1 )
≲ ∥θε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥(H1(a

ε)divvε)h̃∥
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥θε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥aε∥

L∞
T (Ḃ

d
p
p,1)

∥vε∥
L1

T (Ḃ
d
p
+1

p,1 )
≲ (Xε)3,(112)

which concludes the proof of Lemma 4.1. □

4.2. Medium frequencies: nonlinear analysis. In this section, we show the following lemma.

Lemma 4.2. Let (aε, vε, θε, qε) be a smooth solution of (49), we have

∥F ε
1 ∥

m,ε

L1
T (Ḃ

d
p
p,1)

+ ∥Gε∥m,ε

L1
T∩L2

T (Ḃ
d
p
−1

p,1 )

+ ε∥Iε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

+ ∥Hε∥m,ε

L1
T (Ḃ

d
p
−1

p,1 )

≤ Xε(t)2.
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Proof. First, we handle with the nonlinear terms in Iε. It follows from standard product law that

∥vε · ∇qε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥vε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥∇qε∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ Xε(t)2(113)

and

∥qε · ∇vε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥qε∥
L1

T (Ḃ
d
p
p,1)

∥∇vε∥
L∞

T (Ḃ
d
p
−1

p,1 )
≲ Xε(t)2.(114)

Similarly,

∥qεdivvε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ Xε(t)2.(115)

Regarding F ε
1 = aεdivvε, it is easy to see that

∥aεdivvε∥m
L1

T (Ḃ
d
p
p,1)

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥divvε∥
L1

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(116)

Secondly, we bound the terms of Hε in turn. We have

∥vε · ∇θε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥vε∥
L2

T (Ḃ
d
p
p,1)

∥∇θε∥
L2

T (Ḃ
d
p
−1

p,1 )
≲ Xε(t)2.(117)

It follows from standard product laws and the composition Proposition 315 that

∥J(aε)divqε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥qε∥
L1

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(118)

Similarly, we have

∥N(∇vε,∇vε)

1 + aε
∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ (1 + ∥aε∥
L∞

T (Ḃ
d
p
p,1)

)∥∇vε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥∇vε∥

L1
T (Ḃ

d
p
p,1)

(119)

≲ (1 +Xε(t))Xε(t)2

and

∥H̃1(a
ε)θεdivvε∥m

L1
T (Ḃ

d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥θε∥
L2

T (Ḃ
d
p
p,1)

∥divvε∥
L2

T (Ḃ
d
p
−1

p,1 )
≲ Xε(t)3.(120)

Finally, w estimate the nonlinear terms in Gε. Precisely, we have

∥vε · ∇vε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥vε∥2
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(121)

∥J(aε)Avε∥m
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥vε∥
L1

T (Ḃ
d
p
+1

p,1 )
≲ Xε(t)2.(122)

∥K1(a
ε)∇aε∥m

L1
T (Ḃ

d
p
−1

p,1 )

≲ ∥aε∥2
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(123)

∥K2(a
ε)∇θε∥m

L1
T (Ḃ

d
p
−1

p,1 )

≲ ∥aε∥
L2

T (Ḃ
d
p
p,1)

∥θε∥
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(124)

∥θε∇K3(a
ε)∥m

L1
T (Ḃ

d
p
−1

p,1 )

≲ ∥θε∥
L2

T (Ḃ
d
p
p,1)

∥aε∥
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(125)

In a similar way, one can get the corresponding estimates in the norm L2
T (Ḃ

d
p−1

p,1 ). We obtain

∥vε · ∇vε∥m
L2

T (Ḃ
d
p
−1

p,1 )

≲ ∥vε∥
L∞

T (Ḃ
d
p
p,1)

∥vε∥
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(126)

∥J(aε)Avε∥m
L2

T (Ḃ
d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥vε∥
L2

T (Ḃ
d
p
+1

p,1 )
≲ Xε(t)2.(127)

∥K1(a
ε)∇aε∥m

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥aε∥
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(128)

∥K2(a
ε)∇θε∥m

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥θε∥
L2

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(129)

∥θε∇K3(a
ε)∥m

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥θε∥
L2

T (Ḃ
d
p
p,1)

∥aε∥
L∞

T (Ḃ
d
p
p,1)

≲ Xε(t)2.(130)

The proof of Lemma 4.2 is concluded. □
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4.3. High frequencies: nonlinear analysis. We show the following lemma.

Lemma 4.3. Let (aε, vε, θε, qε) be a smooth solution of (49), we have

ε∥(Gε, Hε)∥h,ε
L1

T (Ḃ
d
2
2,1)

+ ε∥Gε∥h,ε
L2

T (Ḃ
d
2
2,1)

+ ∥(εF ε
1 , ε

2Hε
1 , ε

3Iε, ε2Rε
1)∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
(131)

+ ε

∫ T

0

∥∂tJ(aε)∥
Ḃ

d
2
2,1

∥ε2qε∥h,ε
Ḃ

d
2
+1

2,1

≲ Xε(t)2.

Proof. Using commutator estimates from [19], i.e. Lemma B.3, we obtain

ε2∥Rε
1∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
≲ ε2 ∥∇J(aε)∥

L∞
T (B

d
p
p,1)

∥qε∥h,ε
L1

T (B
d
2
+1

2,1 )
+ ε2 ∥qε∥ℓ,ε

L1
T (B

d
p
p,1)

∥∇J(aε)∥ℓ,ε
L∞

T (Ḃ
d
2
+1

p,1 )
(132)

+ ε2 ∥qε∥
L1

T (B
d
p
p,1)

∥∇J(aε)∥h
L∞

T (B
d
2
+1

2,1 )
+ ε2 ∥qε∥ℓ,ε

L1
T (B

d
p
p,1)

∥∇J(aε)∥ℓ,ε
L∞

T (B
d
p
p,1)

≲ Xε(t)2,

since, for α ≥ 0, we have εα∥aε∥m,ε

Ḃ
d
2
+α

2,1

≲ ∥aε∥m,ε

Ḃ
d
2
2,1

and similarly for qε. Moreover, we have

∫ T

0

ε2∥∂tJ(aε)∥h,ε
Ḃ

d
2
2,1

∥εqε∥h,ε
Ḃ

d
2
+1

2,1

≲ ε2∥divvε∥h,ε
L2

T (Ḃ
d
2
2,1)

ε∥q∥h,ε
L2

T (Ḃ
d
2
+1

2,1 )
(133)

+ ε2∥vε · ∇aε∥h,ε
L∞

T (Ḃ
d
2
2,1)

ε∥q∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
.

Using Proposition B.1, we have

∥vε · ∇aε∥h,ε
L∞

T (Ḃ
d
2
2,1)

≲ ε∥vε∥
L∞

T (Ḃ
d
p
p,1)

∥∇aε∥h
L∞

T (Ḃ
d
2
2,1)

+ ε∥∇aε∥
L∞

T (Ḃ
d
p
p,1)

∥vε∥h
L∞

T (Ḃ
d
2
2,1)

+ ε∥vε∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

∥∇aε∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

,(134)

which yields ∫ T

0

ε2∥∂tJ(aε)∥h,ε
Ḃ

d
2
2,1

∥εqε∥h,ε
Ḃ

d
2
+1

2,1

≲ Xε(t)2 +Xε(t)3.(135)

For the remaining terms, we rely on Proposition B.1. Concerning Iε1 , we have

ε3∥qε · ∇vε∥h
L1

T (Ḃ
d
2
+1

2,1 )
≲ ε3∥qε∥

L2
T (Ḃ

d
p
p,1)

∥∇vε∥h
L2

T (Ḃ
d
2
+1

2,1 )
+ ε3∥∇vε∥

L2
T (Ḃ

d
p
p,1)

∥qε∥h
L2

T (Ḃ
d
2
+1

2,1 )

+ ε3∥qε∥ℓ,ε
L2

T (Ḃ
d
p
+1

p,1 )

∥∇vε∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

+ ε3∥qε∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

∥∇vε∥ℓ,ε
L2

T (Ḃ
d
p
+1

p,1 )

≲ Xε(t)2,(136)

where we recall that the notation ∥ · ∥ℓ,ε refers to the sum of low-frequency and medium-frequency
norms. Handling qεdiv vε is the same as handling qε · ∇vε and we obtain ∥ε3Iε1∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
≲ Xε(t)2.

Regarding F ε
1 = aεdivvε, we have

ε∥aεdivvε∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
≲ ε∥aε∥

L∞
T (Ḃ

d
p
p,1)

∥divvε∥h,ε
L1

T (Ḃ
d
2
+1

2,1 )
+ ε∥divvε∥

L1
T (Ḃ

d
p
p,1)

∥aε∥h,ε
L∞

T (Ḃ
d
2
+1

2,1 )

+ ε∥aε∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

∥divvε∥ℓ,ε
L1

T (Ḃ
d
p
+1

p,1 )

+ ε∥aε∥ℓ,ε
L∞

T (Ḃ
d
p
+1

p,1 )

∥divvε∥ℓ,ε
L1

T (Ḃ
d
p
p,1)

≲ Xε(t)Xh,ε(t) + (Xm,ε(t) +Xℓ,ε(t))2 ≲ Xε(t)2.(137)
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Concerning Hε, we have

ε∥J(aε)divqε∥h
L1

T (Ḃ
d
2
2,1)

≲ ε∥J(aε)∥
L2

T (Ḃ
d
p
p,1)

∥divqε∥h
L2

T (Ḃ
d
2
2,1)

+ ε∥divqε∥
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T (Ḃ
d
p
p,1)

∥J(aε)∥h
L∞

T (Ḃ
d
2
2,1)

+ ε∥J(aε)|ℓ,ε
L∞

T (Ḃ
d
p
p,1)

∥divqε∥ℓ,ε
L1

T (Ḃ
d
p
p,1)

≲ Xε(t)2(138)

Using that 1/aε = 1 + I(aε), we have

ε∥N(∇vε,∇vε)

1 + aε
∥h
L1

T (Ḃ
d
2
2,1)

(139)

≲ ε∥(1 + I(aε))∇vε∥
L2

T (Ḃ
d
p
p,1)

∥∇vε∥h
L2

T (Ḃ
d
2
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+ ε∥∇vε∥
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T (Ḃ
d
p
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∥(1 + I(aε))∇vε∥h
L2

T (Ḃ
d
2
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+ ε∥(1 + I(aε))∇vε∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

∥∇vε∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

≲ ε(1 + ∥aε∥
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T (Ḃ
d
p
p,1)

)∥vε∥
L2

T (Ḃ
d
p
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p,1 )
∥vε∥h
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T (Ḃ

d
2
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2,1 )
+ ε∥vε∥
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T (Ḃ

d
p
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p,1 )
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T (Ḃ

d
2
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+ ε(1 + ∥aε∥
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T (Ḃ
d
p
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)∥vε∥
L2

T (Ḃ
d
p
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p,1 )
∥vε∥ℓ,ε

L2
T (Ḃ

d
p
+1

p,1 )

.

Then, we have

∥(1 + I(aε))∇vε∥h
L2

T (Ḃ
d
2
2,1)

≤ ∥vε∥h
L2

T (Ḃ
d
2
+1

2,1 )
+ ∥I(aε)∇vε∥h

L2
T (Ḃ

d
2
2,1)

,

and from a composition law

∥I(a)∥h
L∞

T (Ḃ
d
2
2,1)

≲ (1 + ∥a∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

+ ε∥a∥h,ε
L∞

T (Ḃ
d
2
2,1)

)(∥a∥ℓ,ε
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T (Ḃ
d
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p,1)

+ ∥a∥h,ε
L∞

T (Ḃ
d
2
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)

≲ (1 +Xε(t))Xε(t).(140)

Employing Proposition B.1 implies that

∥I(aε)∇vε∥h
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T (Ḃ
d
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d
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d
p
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≲ Xε(t)Xh,ε(t) + (1 +Xε(t))Xε(t)2 +Xε(t)(Xm,ε(t) +Xℓ,ε(t))

≲ (1 +Xε(t))Xε(t)2.(141)

Gathering (138), (139) (140) and (141), we arrive at

ε∥N(∇vε,∇vε)

1 + aε
∥h
L1

T (Ḃ
d
2
2,1)

≲ (1 +Xε(t) +Xε(t)2)Xε(t)2.(142)

Similarly, we have
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d
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,(143)
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where

∥H̃1(a
ε)θε∥h

L2
T (Ḃ

d
2
2,1)

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥θε∥h
L2

T (Ḃ
d
2
2,1)

+ ∥θε∥
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T (Ḃ
d
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∥H1(a
ε)∥h
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d
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+ ∥aε∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

∥θε∥ℓ,ε
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T (Ḃ
d
p
p,1)

≲ (1 +Xε(t))Xε(t)2.(144)

Hence, we deduce that

ε∥H̃1(a
ε)θεdivvε∥h

L1
T (Ḃ

d
2
2,1)

≲ (1 +Xε(t))Xε(t)3.(145)

Bounding H1 follows from similar considerations and we have ∥ε2Hε
1∥

h,ε

L1
T (Ḃ

d
2
+1

2,1 )
≤ Xε(t)2.

Finally, we bound the nonlinear terms in Gε. We have

ε∥vε · ∇vε∥h
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d
2
2,1)

+ ε∥vε∥ℓ,ε
L2

T (Ḃ
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≲ Xε(t)2.(146)

Using (297) together with composition estimates, we obtain
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L1

T (Ḃ
d
2
2,1)

≲ ε∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥(vh,ε, vℓ)∥
L1

T (Ḃ
d
2
+2

2,1 )
+ ε∥v∥m,ε

L1
T (Ḃ

d
p
+2

p,1 )

∥aε∥
L∞

T (Ḃ
d
p
p,1)

+ ε∥a∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

∥v∥m,ε

L2
T (Ḃ

d
p
+2

p,1 )

(147)

≲ Xε(t)2.

For the terms K1, using (297), we obtain

∥K1(a
ε)∇aε∥h

L1
T (Ḃ

d
2
2,1)

≲ ε∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥(ah,ε, aℓ)∥
L1

T (Ḃ
d
2
+1

2,1 )
+ ε∥a∥m,ε

L2
T (Ḃ

d
p
p,1)

∥aε∥
L2

T (Ḃ
d
p
p,1)

+ ε∥a∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

∥a∥m,ε

L2
T (Ḃ

d
p
p,1)

≲ Xε(t)2.(148)

Using (296), we have

ε∥K2(a
ε)∇θε∥h

L1
T (Ḃ

d
2
2,1)

≲ ε∥K2(a
ε)∥

L2
T (Ḃ

d
p
p,1)

∥∇θε∥h
L2

T (Ḃ
d
2
2,1)

+ ε∥∇θε∥
L1

T (Ḃ
d
p
p,1)

∥K2(a
ε)∥h

L∞
T (Ḃ

d
2
2,1)

+ ε∥K2(a
ε)∥ℓ,ε

L∞
T (Ḃ

d
p
p,1)

∥∇θε∥ℓ,ε
L1

T (Ḃ
d
p
p,1)

≲ (1 +Xε(t))Xε(t)2(149)

and using (297)

ε∥θε∇K3(a
ε)∥h

L1
T (Ḃ

d
2
2,1)

≲ ε∥θε∥
L2

T (Ḃ
d
p
p,1)

∥(ah,ε, aℓ)∥
L2

T (Ḃ
d
2
+1

2,1 )
+ ε∥aε∥m,ε

L2
T (Ḃ

d
p
p,1)

∥θε∥
L2

T (Ḃ
d
p
p,1)

+ ε∥θ∥ℓ,ε
L2

T (Ḃ
d
p
p,1)

∥a∥m,ε

L2
T (Ḃ

d
p
+1

p,1 )

≲ Xε(t)2.(150)

We now control ∥Gε∥h,ε
L2

T (Ḃ
d
2
2,1)

. We only treat the term J(aε)Avε, the other terms can be treated

in the same way as in the medium-frequency regime. Using (297), we have

ε∥J(aε)Avε∥h,ε
L2

T (Ḃ
d
2
2,1)

≲ ε∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥(vh,ε, vℓ)∥
L2

T (Ḃ
d
2
+2

2,1 )

+ ε∥v∥m,ε

L2
T (Ḃ

d
p
+2

p,1 )

∥J(aε)∥
L∞

T (Ḃ
d
p
p,1)

+ ε∥a∥ℓ,ε
L∞

T (Ḃ
d
p
p,1)

∥v∥m,ε

L2
T (Ḃ

d
p
+2

p,1 )

(151)

≲ Xε(t)2.

□
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4.4. Concluding the proof of Theorem 2.1. Gathering the estimates from the previous section, we
obtain

Xε(t) ≤ Xε
0 +Xε(t)2.(152)

From here, a classical bootstrap argument applied to the local-in-time solution constructed in [2], similar
to the one used in [23], allows us to conclude the existence of global-in-time solutions for the system 11.
We omit here the estimates to justify the uniqueness of the solutions as it follows closely the stability
estimates that are established in Section 6. This concludes the proof Theorem 2.1.

□(11)

5. Optimal time-decay estimates: Proof of Theorem 2.2

In this section, we follow the Lyapunov-type energy argument developed by Xin and Xu in [61] to
derive large-time decay estimates. The main difference is that we need to perform the analysis uniformly
with respect to the relaxation parameter ε in each frequency domain.

5.1. Linear estimates. For low frequencies, j ≤ J0, it follows from (54) that
d

dt
Lj + c22j∥(aεj , vεj , θεj )∥L2 ≲ K∥Qε

j∥L2 + ∥(F ε
j , G

ε
j , H

ε
j )∥L2(153)

for j ≤ J0. On the other hand, we have
ε

2

d

dt
∥Qε

j∥2L2 +
1

ε
∥Qε

j∥2L2 ≲ ε∥fε
1j + Iεj + κ∇Hε

j ∥L2∥Qε
j∥L2 ,(154)

which leads to
d

dt
∥εQε

j∥L2 +
1

ε
∥Qε

j∥L2 ≲ ε(∥fε
1j + Iεj + κ∇Hε

j ∥L2).(155)

Adding (153) to (155), we have
d

dt
(Lj + ∥εQε

j∥L2) + 22j∥(aεj , vεj , θεj )∥L2 +
1

2ε
∥Qε

j∥L2 ≲ ε22j∥qεj∥L2 + ∥(F ε
j , G

ε
j , H

ε
j , εI

ε)∥L2 .(156)

Note that Qε = qε +∇θε, thus choosing ε sufficiently small, we obtain
d

dt
∥(aε, vε, θε, εqε)ℓ∥

Ḃ
d
2
−1

2,1

+ ∥(aε, vε, θε)ℓ∥
Ḃ

d
2
+1

2,1

+
1

ε
∥Qε,ℓ∥

Ḃ
d
2
−1

2,1

+ ∥qε,ℓ∥
Ḃ

d
2
2,1

≲ ∥(F ε, Gε, Hε, εIε)∥ℓ
Ḃ

d
2
−1

2,1

.(157)

For medium frequencies, J0 ≤ j ≤ Jε, applying the operator ∂i∆̇j to the first equation in (57) and
denoting Ri

j ≜ [uε · ∇, ∂i∆̇j ]a
ε gives

(158) ∂t∂iaj + uε · ∇∂iaj + ∂iaj = −∂i∆̇j(adivu)− ∂idivwj +Ri
j , i = 1, · · · , d.

Multiplying by |∂iaεj |p−2∂ia
ε
j , integrating on Rd, and performing an integration by parts in the second

term of (158), we get
1

p

d

dt
∥∂iaεj∥

p
Lp + ∥∂iaεj∥

p
Lp =

1

p

∫
divuε |∂iaj |p dx+

∫ (
Ri

j − ∂i∆̇j(a
εdivuε)− ∂idivwε

j )|∂iaεj |p−2∂ia
ε
j dx.

Summing up on i = 1, · · · , d, and applying Hölder and Bernstein inequalities implies that

(159)
1

p

d

dt
∥∇aεj∥Lp + ∥∇aεj∥Lp ≤ 1

p
∥divuε∥L∞∥∇aεj∥Lp + ∥∇∆̇j(a

εdivuε)∥Lp +22j∥wε
j∥Lp + ∥Rε

j∥Lp .

Similarly, we have
d

dt
∥εΛ−1Qε

j∥Lp +
1

ε
∥Λ−1Qε

j∥Lp ≤ ε∥Λ−1(fε
1j +∇aεj + Iεj + κ∇Hε

j )∥Lp .(160)

Applying ∆̇j to the second and third equations yields for all j ∈ Z, with the help of Lemma B.2, we
obtain

d

dt
∥wε

j∥Lp + 22j∥wε
j∥Lp ≤ ∥wε

j∥Lp + 2−2j∥∇aεj∥Lp + ∥∇θεj∥Lp + ∥Gε
j∥Lp + 2−2j∥∇F ε

j ∥Lp(161)
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and
d

dt
∥Λ−1θεj∥Lp + 22j∥Λ−1θεj∥Lp ≤ ∥wε

j∥Lp + ∥Λ−1aεj∥Lp + ∥Λ−1divQε
j∥Lp + ∥Λ−1Hε

j ∥Lp .(162)

Since J0 ≤ j ≤ Jε, we have 2−2j ≤ 1/K2 and 2Jε ≤ k/ε. Choosing K suitably large and k suitably
small in the inequalities (159)- (162), we get

d

dt
(∥∇aεj∥Lp + ∥wε

j∥Lp + ∥εΛ−1Qε
j∥Lp + ∥Λ−1θεj∥Lp)(163)

+ ∥∇aεj∥Lp + 22j∥wε
j∥Lp +

1

ε
∥Λ−1Qε

j∥Lp + 22j∥Λ−1θεj∥Lp

≲ ∥Gε
j∥Lp + 2−2j∥∇F ε

j ∥Lp + ∥divuε∥L∞∥∇aεj∥Lp + ∥∇∆̇j(a
εdivuε)∥Lp

+ ∥Rε
j∥Lp + ε∥Λ−1(fε

1j + Iεj + κ∇Hε
j )∥Lp .

Recalling that Qε = qε + κ∇θε and wε = vε + (−∆)−1∇aε, we have

ε∥∇divΛ−1qεj∥Lp ≲
k2

ε
∥Λ−1Qε

j∥Lp + k2j∥θεj∥Lp(164)

and

ε∥∇divΛ−1vεj∥Lp ≲
ε

K
(22j∥wε

j∥Lp) +
ε

K
∥∇aεj∥Lp .(165)

Multiplying by 2j(
d
p−1) on both sides of (163) and summing over j ∈ [J0, Jε], it follows from (164)-(165)

that

(166)
d

dt
(∥aε∥m

Ḃ
d/p
p,1

+ ∥wε∥m
Ḃ

d/p−1
p,1

+ ∥εQε∥m
Ḃ

d/p−2
p,1

+ ∥θε∥m
Ḃ

d/p−2
p,1

)

+ ∥aε∥m
Ḃ

d/p
p,1

+ ∥wε∥m
Ḃ

d/p+1
p,1

+
1

ε
∥Qε∥m

Ḃ
d/p−2
p,1

+ ∥θε∥m
Ḃ

d/p
p,1

≲ ∥Gε∥m
Ḃ

d/p−1
p,1

+ ∥F ε∥m
Ḃ

d/p−2
p,1

+ ∥∇vε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

+ ε∥Iε∥m
Ḃ

d/p−2
p,1

+ ∥Hε∥m
Ḃ

d/p−2
p,1

.

In high frequencies, we have j ≥ J0, so it follows from the previous lines that

d

dt
(∥∇aεj∥Lp + ∥wε

j∥Lp) + ∥∇aεj∥Lp + 22j∥wε
j∥Lp ≤ ∥∇θj∥Lp + ∥Gε

j∥Lp + 2−2j∥∇F ε
1j∥Lp

+∥divvε∥L∞∥∇aεj∥Lp + ∥Rj∥Lp .

On the other hand,

1

2

d

dt
∥(
√
κθεj , εq

ε
j )∥2L2 +

1

ε2
∥εqεj∥2L2

≲
∫

divwε
jθ

ε
j +

∫
Hε

j θ
ε
j + ε2

∫
Iε1jq

ε
j + ε2

∫
∆j(v

ε · ∇qε)qεj(167)

≲ ∥divwε
j∥L2∥θεj∥L2 + ∥(Hε

j , εI
ε
1j)∥L2∥(θεj , εqεj )∥L2 + ∥ε∆j(v

ε · ∇qε)∥L2∥εqεj∥L2 .

(168)
d

dt

∫
2−2jqεj · ∇θεj +

1

ε2
∥θεj∥2L2

≤ ∥qεj∥2L2 +
2−2j

ε2
∥θεj∥L2∥∇θεj∥L2 + ∥wε

j∥L2∥qεj∥L2 + ∥Hε
j ∥L2∥εqεj∥L2 + ∥εIε1j∥L2∥θεj∥L2 .

Combining (167) (168), we get

(169)
d

dt
Lh
j +

1

ε2
∥(θεj , εqεj )∥2L2 ≲ ∥divwε

j∥L2∥θεj∥L2 +∥(Hε
j , εI

ε
1j)∥L2∥(θεj , εqεj )∥L2 +∥ε∆j(v

ε ·∇qε)∥L2 .

Using that Lh
j ≈ ∥(θεj , εqεj )∥2L2 leads to

d

dt
∥(εθεj , ε2qεj )∥L2 +

1

ε
∥(θεj , εqεj )∥L2 ≲ ε∥divwε

j∥L2 + ∥(εHε
j , ε

2Iε1j)∥L2 .(170)
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Therefore, we obtain
d

dt

(
∥εaε∥h

Ḃ
d/2+1
2,1

+ ∥εwε∥h
Ḃ

d/2
2,1

+ ∥ε2θε∥h
Ḃ

d/2+1
2,1

+ ∥ε3qε∥h
Ḃ

d/2+1
2,1

)
(171)

+ ∥εaε∥h
Ḃ

d/2+1
2,1

+ ∥εwε∥h
Ḃ

d/2+2
2,1

+ ∥(θε, εqε)∥h
Ḃ

d/2+1
2,1

(172)

≲ ε∥Gε∥h
Ḃ

d/2
2,1

+ ε∥F ε
1 ∥hḂd/2−1

2,1

+ ε∥∇vε∥
Ḃ

d/2
2,1

∥aε∥h
Ḃ

d/2+1
2,1

(173)

+ ε∥∇vε∥
Ḃ

d/2
2,1

∥aε∥
Ḃ

d/2
2,1

+ ∥(ε2Hε, ε3Iε1)∥hḂd/2+1
2,1

.(174)

5.2. Nonlinear analysis. In this second step, we bound the nonlinear terms. First, we prove the
estimates for ∥(F ε, Gε, Hε, εIε)∥ℓ

Ḃ
d
2
−1

2,1

. We have

∥vε·∇qε∥ℓ
Ḃ

d/2−1
2,1

(175)

≲ (∥vε∥ℓ
Ḃ

d/2−1
2,1

+ ∥vε∥m
Ḃ

d/p
2,1 ∩Ḃ

d/p−1
p,1

+ ∥vε∥h
Ḃ

d/2
2,1

)(∥qε∥ℓ
Ḃ

d/2
2,1

+
1

ε
∥qε∥m

Ḃ
d/p
p,1

+ ∥qε∥h
Ḃ

d/2
2,1

)(176)

≲ Xε(t)(∥qε∥ℓ
Ḃ

d/2
2,1

+
1

ε
∥qε∥m

Ḃ
d/p−1
p,1

+ ∥qε∥h
Ḃ

d/2
2,1

)(177)

and

∥qε · ∇vε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥∇vε∥
Ḃ

d/p−1
p,1

∥qε∥
Ḃ

d/p
p,1

+ ∥qε∥
Ḃ

d/p
p,1

∥vℓ,ε∥
Ḃ

d/2−1
2,1

+ ∥qε∥
Ḃ

d/p
p,1

∥vh̃,ε∥
Ḃ

d/p
p,1

.(178)

The term qεdivvε can be treated similarly as in (178). Next we bound F ε.

(179) ∥F ε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥aεvε∥ℓ
Ḃ

d/2
2,1

≲ ∥aε∥
Ḃ

d/p−1
p,1

∥vε∥
Ḃ

d/p+1
p,1

+ ∥vε∥
Ḃ

d/p−1
p,1

(∥aℓ,ε∥
Ḃ

d/p+1
p,1

+ ∥ah̃,ε∥
Ḃ

d/p
p,1

).

Regarding Gε, we have

∥vε · ∇vε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥vε∥
Ḃ

d/p−1
p,1

∥∇vε∥
Ḃ

d/p
p,1

+ ∥vε∥
Ḃ

d/p−1
p,1

(∥∇vℓ,ε∥
Ḃ

d/p
p,1

+ ∥∇vh̃,ε∥
Ḃ

d/p−1
p,1

),(180)

∥J(aε)Avε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥∇vε∥
Ḃ

d/p
p,1

+ ∥aε∥
Ḃ

d/p
p,1

(∥Avℓ,ε∥
Ḃ

d/2−1
2,1

+ ∥Avh̃,ε∥
Ḃ

d/p−1
p,1

),(181)

∥H1(a
ε)∇aε∥ℓ

Ḃ
d/2−1
2,1

≲ ∥aℓ,ε∥
Ḃ

d/2−1
p,1

∥aℓ,ε∥
Ḃ

d/2+1
p,1

+ ∥ah̃,ε∥2
Ḃ

d/p
p,1

+ ∥aε∥
Ḃ

d/p−1
p,1

(∥aε∥ℓ
Ḃ

d/2+1
2,1

+ ∥aε∥h̃
Ḃ

d/p
p,1

),

and

∥H2(a
ε)∇θε∥ℓ

Ḃ
d/2−1
2,1

≲ ∥∇θε∥
Ḃ

d/p−1
p,1

∥aε∥
Ḃ

d/p
p,1

+ ∥aε∥
Ḃ

d/p−1
p,1

(∥θℓ,ε∥
Ḃ

d/2+1
2,1

+ ∥θm,ε∥
Ḃ

d/p
p,1

+
1

ε
∥θh,ε∥

Ḃ
d/2
2,1

).

Then, using an interpolation inequality, we get

∥∇θε∥
Ḃ

d/p−1
p,1

∥aε∥
Ḃ

d/p
p,1

≲ ∥(aε, θε)∥ℓ
Ḃ

d/2−1
2,1

∥(aε, θε)∥ℓ
Ḃ

d/2+1
2,1

+ (∥aε∥m
Ḃ

d/p
p,1

+ ∥θε∥m
Ḃ

d/p−1
p,1

)

+∥(aε,∇θε)∥m
Ḃ

d/p
p,1

+ ∥(εaε, ε2θε)∥h
Ḃ

d/2+1
2,1

∥(εaε, θε)∥h
Ḃ

d/2+1
2,1

.

Moreover, we have

∥θ∇H3(a
ε)∥ℓ

Ḃ
d/2−1
2,1

≲ ∥θε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

+ ∥θε∥
Ḃ

d/p−1
p,1

(∥aε∥ℓ
Ḃ

d/2+1
2,1

+ ∥aε∥h̃
Ḃ

d/p
p,1

).(182)

Regarding Hε, we have

∥vε · ∇θε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥∇θε∥
Ḃ

d/p−1
p,1

∥vε∥
Ḃ

d/p
p,1

(183)

+ ∥vε∥
Ḃ

d/p−1
p,1

(∥θℓ,ε∥
Ḃ

d/2+1
2,1

+ ∥θm,ε∥
Ḃ

d/p
p,1

+
1

ε
∥θh,ε∥

Ḃ
d/2
2,1

),(184)

∥J(aε)divqε∥ℓ
Ḃ

d/2−1
2,1

≲ ∥qε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

(185)

+ ∥aε∥
Ḃ

d/p
p,1

∥qε∥
Ḃ

d/2
2,1

+ ∥aε∥
Ḃ

d/p−1
p,1

(∥qε∥m
Ḃ

d/p
p,1

+ ∥εqε∥h
Ḃ

d/2+1
p,1

),(186)
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and

∥N(∇vε,∇vε)

1 + aε
∥ℓ
Ḃ

d/2−1
2,1

= ∥(1 + J(aε))N(∇vε,∇vε)∥ℓ
Ḃ

d/2−1
2,1

≲ ∥(1 + J(aε))N(∇vε,∇vε)∥ℓ
Ḃ

d/2−2
2,1

≲ (1 + ∥aε∥
Ḃ

d/p
p,1

)∥∇vε∥
Ḃ

d/p∗−1

p∗,1

∥∇vε∥
Ḃ

d/p−1
p,1

≲ (1 + ∥aε∥
Ḃ

d/p
p,1

)∥vε∥2
Ḃ

d/p
p,1

,(187)

where 1/p∗ + 1/p = 1/2. Then,

(188) ∥H1(a
ε)θεdiv vε∥ℓ

Ḃ
d/2−1
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥vε∥
Ḃ

d/p
p,1

∥θε∥
Ḃ

d/p
p,1 ∩Ḃ

d/p−1
p,1

+ ∥θε∥
Ḃ

d/p
p,1

∥H1(a
ε)div vε∥ℓ

Ḃ
d/2−1
2,1

,

and

∥H1(a
ε)divvε∥ℓ

Ḃ
d/2−1
2,1

∥divvε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

+ ∥aε∥
Ḃ

d/p−1
p,1

(∥vε∥m
Ḃ

d/p
p,1

+ ε∥vε∥h
Ḃ

d/2+1
2,1

).

We now provide the estimates for ∥F ε
1 ∥mḂd/p−2

p,1

+ ∥Gε∥m
Ḃ

d/p−1
p,1

+ ε∥Iε∥m
Ḃ

d/p−2
p,1

+ ∥Hε∥m
Ḃ

d/p−2
p,1

. We have

∥F ε
1 ∥mḂd/p−2

p,1

≲ ∥F ε
1 ∥mḂd/p

p,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥divvε∥
Ḃ

d/p
p,1

.(189)

For ∥Gε∥m
Ḃ

d/p−1
p,1

, we have

∥vε · ∇vε∥m
Ḃ

d/p−1
p,1

≲ ∥vε∥2
Ḃ

d/p
p,1

,(190)

∥J(aε)Avε∥m
Ḃ

d/p−1
p,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥vε∥
Ḃ

d/p+1
p,1

,(191)

∥H1(a
ε)∇aε∥m

Ḃ
d/p−1
p,1

≲ ∥aε∥2
Ḃ

d/p
p,1

,(192)

∥H2(a
ε)∇θε∥m

Ḃ
d/p−1
p,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥θε∥
Ḃ

d/p
p,1

,(193)

∥θε∇H3(a
ε)∥m

Ḃ
d/p−1
p,1

≲ ∥θε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

,(194)

Using Proposition 2.1 gives

ε∥Iε∥m
Ḃ

d/p−2
p,1

≲ ε∥Iε∥m
Ḃ

d/p−1
p,1

.(195)

We have

∥vε · ∇qε∥m
Ḃ

d/p−1
p,1

≲ ∥vε∥
Ḃ

d/p−1
p,1

∥qε∥
Ḃ

d/p
p,1

,(196)

ε∥qε · ∇vε∥m
Ḃ

d/p−1
p,1

≲ (∥εqℓ,ε∥
Ḃ

d/2−1
2,1

+ ∥εqm,ε∥
Ḃ

d/p−1
p,1

+ ∥ε3qh,ε∥
Ḃ

d/2+1
2,1

)∥vε∥
Ḃ

d/p+1
p,1

,(197)

and

ε∥qεdivvε∥m
Ḃ

d/p−1
p,1

≲ (∥εqℓ,ε∥
Ḃ

d/2−1
2,1

+ ∥εqm,ε∥
Ḃ

d/p−1
p,1

+ ∥ε3qh,ε∥
Ḃ

d/2+1
2,1

)∥vε∥
Ḃ

d/p+1
p,1

.(198)

Employing Proposition 2.1, we get

∥Hε∥m
Ḃ

d/p−2
p,1

≲ ∥Hε∥m
Ḃ

d/p−1
p,1

.(199)

Furthermore, we have

∥vε · ∇θε∥m
Ḃ

d/p−1
p,1

≲ ∥vε∥
Ḃ

d/p−1
p,1

∥θε∥
Ḃ

d/p+1
p,1

,(200)

∥J(aε)divqε∥m
Ḃ

d/p−1
p,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥qε∥
Ḃ

d/p
p,1

,(201)

∥N(∇vε,∇vε)

1 + aε
∥m
Ḃ

d/p−1
p,1

≲ (1 + ∥aε∥
Ḃ

d/p
p,1

)∥∇vε∥
Ḃ

d/p−1
p,1

∥∇vε∥
Ḃ

d/p
p,1

(202)
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and

∥H1(a
ε)θεdivvε∥m

Ḃ
d/p−1
p,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥θε∥
Ḃ

d/p−1
p,1

∥vε∥
Ḃ

d/p+1
p,1

(203)

≲ ∥aε∥
Ḃ

d/p
p,1

(∥θε∥ℓ
Ḃ

d/2−1
2,1

+ ∥θε∥m
Ḃ

d/p−1
p,1

+ ∥ε2θε∥h
Ḃ

d/2+1
2,1

)∥vε∥
Ḃ

d/p+1
p,1

.(204)

Finally, we provide the estimates for ε∥Gε∥h
Ḃ

d/2
2,1

+ ε∥F ε
1 ∥hḂd/2−1

2,1

+ ∥(ε2Hε, ε3Iε1)∥hḂd/2+1
2,1

. First, we pay

attention to ∥ε3Iε1∥hḂd/2+1
2,1

. It follows from Proposition B.1 that

∥qε · ∇vε∥h
Ḃ

d/2+1
2,1

≲ ∥qε∥
Ḃ

d/p
p,1

∥∇vε∥h
Ḃ

d/2+1
2,1

+ ∥∇vε∥
Ḃ

d/p
p,1

∥qε∥h
Ḃ

d/2+1
2,1

+ ∥qε∥ℓ̃
Ḃ

d/p
p,1

∥∇vε∥ℓ̃
Ḃ

d/p+1
p,1

,(205)

which leads to

ε3∥qε · ∇vε∥h
Ḃ

d/2+1
2,1

≲ Xε(t)(∥εvε∥h
Ḃ

d/2+2
2,1

+ ∥εqε∥h
Ḃ

d/2+1
2,1

+ ∥vε∥ℓ
Ḃ

d/2+1
2,1

+ ∥vε∥m
Ḃ

d/p+1
p,1

).(206)

Bounding the term ε3qεdivvε is similar to bounding ε3qε · ∇vε. We obtain

∥F ε
1 ∥hḂd/2

2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥divvε∥h
Ḃ

d/2
2,1

+ ∥divvε∥
Ḃ

d/p
p,1

∥aε∥h
Ḃ

d/2
2,1

+ ∥aε∥ℓ̃
Ḃ

d/p
p,1

∥divvε∥ℓ̃
Ḃ

d/p
p,1

≲ Xε(t)(∥vε∥ℓ
Ḃ

d/2+1
2,1

+ ∥vε∥m
Ḃ

d/p+1
p,1

+ ε∥vε∥h
Ḃ

d/2+2
2,1

).(207)

Next, we handle ∥ε2Hε∥h
Ḃ

d/2+1
2,1

. We claim that ∥f(aε)∥h
Ḃ

d/2
2,1

≲ (1+Xε(t))Xε(t) for some smooth function

satisfying f(0) = 0. Indeed, it follows from (315) that

∥f(aε)∥h
Ḃ

d/2
2,1

≲ (1 + ∥aε∥ℓ̃
Ḃ

d/p
p,1

+ ε∥aε∥h
Ḃ

d/2
2,1

)(∥aε∥ℓ̃
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

) ≲ (1 +Xε(t))Xε(t).(208)

Therefore, we have

(209) ∥J(aε)divqε∥h
Ḃ

d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥divqε∥h
Ḃ

d/2
2,1

+∥divqε∥
Ḃ

d/p
p,1

∥J(aε)∥h
Ḃ

d/2
2,1

+∥J(aε)∥ℓ̃
Ḃ

d/p
p,1

∥divqε∥ℓ̃
Ḃ

d/p
p,1

and

∥N(∇vε,∇vε)

1 + aε
∥h
Ḃ

d/2
2,1

≲ (1 + ∥aε∥
Ḃ

d/p
p,1

)∥vε∥
Ḃ

d/p+1
p,1

∥∇vε∥
Ḃ

d/2
2,1

+ ∥∇vε∥
Ḃ

d/p
p,1

∥J(aε)∇vε∥h
Ḃ

d/2
2,1

,(210)

where
∥J(aε)∇vε∥h

Ḃ
d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥∇vε∥h
Ḃ

d/2
2,1

+ ∥∇vε∥
Ḃ

d/p
p,1

∥aε∥
Ḃ

d/p
p,1

.

Similarly, we have

(211) ∥H1(a
ε)θεdivvε∥h

Ḃ
d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥θε∥
Ḃ

d/p
p,1

(∥vε∥ℓ
Ḃ

d/2+1
2,1

+ ∥vε∥m
Ḃ

d/p+1
p,1

+ ε∥vε∥h
Ḃ

d/2+2
2,1

)

+ ∥∇vε∥
Ḃ

d/p
p,1

∥H1(a
ε)θε∥h

Ḃ
d/2
2,1

,

where
∥H1(a

ε)θε∥h
Ḃ

d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥θε∥h
Ḃ

d/2
2,1

+ ∥θε∥
Ḃ

d/p
p,1

∥H1(a
ε)∥h

Ḃ
d/2
2,1

+ ∥aε∥ℓ̃
Ḃ

d/p
p,1

∥θε∥ℓ̃
Ḃ

d/p
p,1

.

Finally, we bound the nonlinear term Gε. Precisely,

∥vε · ∇vε∥h
Ḃ

d/2
2,1

≲ ∥vε∥
Ḃ

d/p
p,1

∥∇vε∥h
Ḃ

d/2
2,1

+ ∥∇vε∥
Ḃ

d/p
p,1

∥vε∥h
Ḃ

d/2
2,1

+ ∥vε∥ℓ̃
Ḃ

d/p
p,1

∥∇vε∥ℓ̃
Ḃ

d/p
p,1

≲ ∥vε∥
Ḃ

d/p
p,1

∥∇vε∥h
Ḃ

d/2
2,1

+ (∥vε∥ℓ
Ḃ

d/2−1
2,1

+
1

ε
∥vε∥m

Ḃ
d/p−1
p,1

+ ε∥vε∥h
Ḃ

d/2+1
2,1

)∥vε∥
Ḃ

d/p+1
p,1

,(212)

∥J(aε)Avε∥h
Ḃ

d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥Avε∥h
Ḃ

d/2
2,1

+ ∥Avε∥
Ḃ

d/p
p,1

∥J(aε)∥h
Ḃ

d/2
2,1

+ ∥J(aε)∥ℓ̃
Ḃ

d/p
p,1

∥Avε∥ℓ̃
Ḃ

d/p
p,1

,(213)

(214) ∥H1(a
ε)∇aε∥h

Ḃ
d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥∇aε∥h
Ḃ

d/2
2,1

+∥∇aε∥h
Ḃ

d/p
p,1

∥H1(a
ε)∥h

Ḃ
d/2
2,1

+∥∇aε∥ℓ̃
Ḃ

d/p
p,1

∥H1(a
ε)∥ℓ̃

Ḃ
d/p
p,1

,

(215) ∥H2(a
ε)∇θε∥h

Ḃ
d/2
2,1

≲ ∥aε∥
Ḃ

d/p
p,1

∥∇θε∥h
Ḃ

d/2
2,1

+ ∥∇θε∥h
Ḃ

d/p
p,1

∥H2(a
ε)∥h

Ḃ
d/2
2,1

+ ∥∇θε∥ℓ̃
Ḃ

d/p
p,1

∥H1(a
ε)∥ℓ̃

Ḃ
d/p
p,1

,
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and

∥θε∇H3(a
ε)∥h

Ḃ
d/2
2,1

≲ ∥θε∥
Ḃ

d/p
p,1

∥∇H3(a
ε)∥h

Ḃ
d/2
2,1

+ ∥∇H3(a
ε)∥

Ḃ
d/p−1
p,1

∥θε∥h
Ḃ

d/2+1
2,1

(216)

+ ∥θε∥ℓ̃
Ḃ

d/p
p,1

∥∇H3(a
ε)∥ℓ̃

Ḃ
d/p
p,1

.

5.3. The regularity evolution of negative Besov norm. In this section, we establish the regularity
evolution of negative Besov norm in low frequencies, which is the key part in deriving the decay estimates.
We have the following lemma.

Lemma 5.1. Let (aε, vε, θε, qε) be the solution of (11) given by Theorem 2.1. If (aε0, v
ε
0, θ

ε
0, εQ

ε
0)

ℓ ∈
Ḃ−σ1

2,∞ , we have

∥(aε, vε, θε, εQε)∥ℓ
Ḃ

−σ1
2,∞

≲ ∥(aε0, vε0, θε0, εQε
0)∥ℓḂ−σ1

2,∞
+Xε(t)2.(217)

Proof of Lemma 5.1. Set ωε = Λ−1divvε and Ωε = Λ−1curl vε. The first three equations in (40) can be
written as

(218)


∂ta

ε + Λωε = F ε,

∂tω
ε −∆ωε − Λaε − Λθε = Λ−1divGε,

∂tΩ
ε −∆Ωε = curlGε,

∂tθ
ε −∆θε + Λωε = −divQε +Hε.

Energy estimates give

(219)
1

2

d

dt
(∥aεj∥2L2 + ∥ωε

j∥2L2 + ∥Ωε
j∥2L2 + ∥θεj∥2L2) + ∥Λvεj∥2L2 + ∥Λθεj∥2L2

≤ ∥F ε
j ∥L2∥aεj∥L2 + ∥Λ−1divGε

j∥L2∥ωε
j∥L2 + ∥Λ−1curlGε

j∥L2∥Ωε
j∥L2

+ ∥ − divQε
j +Hε

j ∥L2∥θεj∥L2

and
1

2

d

dt
∥ε2Qε

j∥2L2 + ∥Qε
j∥2L2 ≤ ∥ε(fε

j + Iεj + κ∇Hε
j )∥L2∥εQε

j∥L2 .(220)

It follows from (219) and (220) that
d

dt
(∥aεj∥2L2 + ∥ωε

j∥2L2 + ∥Ωε
j∥2L2 + ∥θεj∥2L2 + ∥εQε

j∥2L2)(221)

≲ (∥F ε
j ∥L2 + ∥Λ−1divGε

j∥L2 + ∥Λ−1curlGε
j∥L2 + ∥Hε

j ∥L2

+ ∥ε(Iεj + κ∇Hε
j )∥L2)∥(aεj , ωε

j ,Ω
ε
j , θ

ε
j , εQ

ε
j)∥L2

A standard procedure leads to

(222)
(
∥(aε, vε, θε, εQε)∥ℓ

Ḃ
−σ1
2,∞

)2
≲
(
∥(aε0, vε0, θε0, εQε

0)∥ℓḂ−σ1
2,∞

)2
+

∫ t

0

∥(F ε, Gε, Hε, εIε)∥ℓ
Ḃ

−σ1
2,∞

∥(aε, vε, θε, εQε)∥ℓ
Ḃ

−σ1
2,∞

dτ.

In what follows, we focus on bounding the nonlinear term ∥(F ε, Gε, Hε, εIε)∥ℓ
Ḃ

−σ1
2,∞

. It is convenient to

decompose them into low-frequency and high-frequency parts. Precisely,

F ℓ,ε = −aεdivvℓ,ε − vε · ∇aℓ,ε, F h̃,ε = −aεdivvh̃,ε − vε · ∇ah̃,ε,

Gℓ,ε = −vε · ∇vℓ,ε − J(aε)Avℓ,ε/ν −H1(a
ε)∇aℓ,ε −H2(a

ε)∇θℓ,ε − θℓ,ε∇H3(a
ε),

Gh̃,ε = −vε · ∇vh̃,ε − J(aε)Avh̃,ε/ν −H1(a
ε)∇ah̃,ε −H2(a

ε)∇θh̃,ε − θh̃,ε∇H3(a
ε),

Hℓ,ε = −vε · ∇θℓ,ε + J(aε)divqℓ,ε +
N(∇vε,∇vℓ,ε)

1 + aε
− H̃1(a

ε)θεdivvℓ,ε,

H h̃,ε = −vε · ∇θh̃,ε + J(aε)divqh̃,ε +
N(∇vε,∇vh̃,ε)

1 + aε
− H̃1(a

ε)θεdivvh̃,ε,

Iℓ,ε = vε · ∇qℓ,ε − qε · ∇vℓ,ε + qεdivvℓ,ε,
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I h̃,ε = vε · ∇qh̃,ε − qε · ∇vh̃,ε + qεdivvh̃,ε.

Using standard product laws, we have

(223) ∥aℓ,εdivvℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥divvℓ,ε∥
Ḃ

d/p
p,1

∥aℓ,ε∥
Ḃ

−σ1
2,∞

≲ ∥vε∥ℓ
Ḃ

d/2+1
2,1

∥aε∥ℓ
Ḃ

−σ1
2,∞

,

(224) ∥ah̃,εdivvℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥ah̃,ε∥
Ḃ

d/p
p,1

∥divvℓ,ε∥
Ḃ

−σ1
2,∞

≲ (∥aε∥m
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

)∥vε∥ℓ
Ḃ

−σ1
2,∞

,

(225) ∥vℓ,ε · ∇aℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥aε∥ℓ
Ḃ

d/2+1
2,1

∥vε∥ℓ
Ḃ

−σ1
2,∞

,

and

(226) ∥vh̃,ε · ∇aℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ (∥vε∥m
Ḃ

d/p+1
p,1

+ ε2∥vε∥h
Ḃ

d/2+2
2,1

)∥aε∥ℓ
Ḃ

−σ1
2,∞

.

Similarly,

(227) ∥vε · ∇vℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ (∥vε∥ℓ
Ḃ

d/2+1
2,1

+ ∥vε∥m
Ḃ

d/p+1
p,1

+ ε2∥vε∥h
Ḃ

d/2+2
2,1

)∥vε∥ℓ
Ḃ

−σ1
2,∞

.

Since J(aε) = J ′(0)aε + J̃(aε) for some smooth function satisfying J̃ = 0. It follows that

(228) ∥aℓ,εAvε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥vε∥ℓ
Ḃ

d/2+1
2,1

∥aε∥ℓ
Ḃ

−σ1
2,∞

.

(229) ∥ah̃,εAvℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥ah̃,ε∥
Ḃ

d/2+1
2,1

∥Avℓ,ε∥
Ḃ

−σ1
2,∞

≲ (∥aε∥m
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

)∥vε∥ℓ
Ḃ

−σ1
2,∞

.

(230) ∥J̃(aε)aεAvℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥J̃(aε)aε∥
Ḃ

d/p
p,1

∥Avℓ,ε∥
Ḃ

−σ1
2,∞

≲ ∥aε∥2
Ḃ

d/p
p,1

∥vε∥ℓ
Ḃ

−σ1
2,∞

.

(231) ∥H1(a
ε)∇aℓ,ε∥ℓ

Ḃ
−σ1
2,∞

≲ (∥aε∥ℓ
Ḃ

d/2+1
2,1

+ ∥aε∥m
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

)∥aε∥ℓ
Ḃ

−σ1
2,∞

.

(232) ∥H2(a
ε)∇θℓ,ε∥ℓ

Ḃ
−σ1
2,∞

≲ (∥aε∥ℓ
Ḃ

d/2+1
2,1

+ ∥aε∥m
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

)∥θε∥ℓ
Ḃ

−σ1
2,∞

.

Notice that ∇H3(a
ε) = H ′

3(0)∇aε +∇(H̃3(a
ε)aε), we have

(233) ∥θℓ,ε∇aℓ,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥∇aℓ,ε∥
Ḃ

d/p
p,1

∥θℓ,ε∥
Ḃ

−σ1
2,∞

≲ ∥aε∥ℓ
Ḃ

d/2+1
2,1

∥θε∥ℓ
Ḃ

−σ1
2,∞

.

(234) ∥θℓ,ε∇ah̃,ε∥ℓ
Ḃ

−σ1
2,∞

≲ ∥θℓ,ε∇ah̃,ε∥ℓ
Ḃ

d
p
− d

2
−σ1

2,∞

≲ (∥aε∥m
Ḃ

d/p
p,1

+ ∥aε∥h
Ḃ

d/2
2,1

))∥θℓ,ε∥
Ḃ

−σ1
2,∞

,

where we used the fact that p ≤ d∗, which implies that d/p− d/2− σ1 + 1 ≥ −σ1. Concerning, Hε, we
have

∥vℓ · ∇θℓ∥ℓ
Ḃ

−σ1
2,∞

≲ ∥θℓ∥
Ḃ

d
2
+1

2,1

∥vℓ∥
Ḃ

−σ1
2,∞

(235)

and

∥vh · ∇θℓ∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥vh∥

Ḃ
d
2
2,1

+ ∥vm∥
Ḃ

d
p
+1

p,1

)
∥θℓ∥

Ḃ
−σ1
2,∞

.(236)

Using that J(aε) = J ′(0)aε + J̃(aε)aε, we have

∥J(aε)divqℓ∥ℓ
Ḃ

−σ1
2,∞

≲ ∥qε∥ℓ
Ḃ

d
2
2,1

∥aℓ∥
Ḃ

−σ1
2,∞

+

(
∥aε∥m

Ḃ
d
p
p,1

+ ∥aε∥h
Ḃ

d
2
2,1

)
∥qℓ∥

Ḃ
−σ1
2,∞

+ ∥aε∥2
Ḃ

d
p
p,1

∥q∥ℓ
Ḃ

−σ1
2,∞

,(237)

∥N(∇vε,∇vℓ,ε)

1 + aε
∥ℓ
Ḃ

−σ1
2,∞

≲ (1 + ∥aε∥ℓ
Ḃ

d
p
p,1

)∥N(∇vε,∇vℓ,ε)∥
Ḃ

−σ1
2,∞

(238)

≲ (1 + ∥aε∥ℓ
Ḃ

d
p
p,1

)

(
∥vε∥ℓ

Ḃ
d
2
+1

2,1

+ ∥vε∥m,ε

Ḃ
d
p
+1

p,1

+ ∥vε∥h,ε
Ḃ

d
2
+1

2,1

)
∥vε∥ℓ

Ḃ
−σ1
2,∞
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and

∥H1(a
ε)θεdivvε,ℓ∥ℓ

Ḃ
−σ1
2,∞

≲ ∥aε∥
Ḃ

d
p
p,1

∥θεdivvε,ℓ∥
Ḃ

d
p
+1

p,1

(239)

≲ ∥aε∥
Ḃ

d
p
p,1

∥vε∥ℓ
Ḃ

d
2
+1

2,1

∥θε∥ℓ
Ḃ

−σ1
2,∞

+ ∥aε∥
Ḃ

d
p
p,1

(
∥θε∥m,ε

Ḃ
d
p
p,1

+
1

ε
∥θε∥h,ε

Ḃ
d
2
2,1

)
∥vε∥ℓ

Ḃ
−σ1
2,∞

.(240)

Using that ∇(K3(a
ε)aε)θε = ∇(K3(a

ε)aε)θℓ+∇(K3(a
ε)aε)θh and p ≤ d∗ = 2d

d−2 ⇔ d
p−

d
2−σ1+1 ≥ −σ1,

we have

∥∇(K3(a
ε)aε)θℓ∥ℓ

Ḃ
−σ1
2,∞

≲ ∥K(aε)aε∥
Ḃ

d
p
p,1

∥θε∥ℓ
Ḃ

d
p
− d

2
−σ1+1

2,∞

(241)

≲ ∥aε∥2
Ḃ

d
p
p,1

∥θε∥ℓ
Ḃ

σ1
2,∞

The estimates for Iℓ,ε in low-frequency follow similar lines. We now focus on the high-frequency coun-
terpart. For Fh, we have

(242) ∥aεdivvh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ε∥aε∥h,ε
Ḃ

d
2
2,1

)
∥divvε∥h

Ḃ
d
p
−1

p,1

,

(243) ∥vε∇ah∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥vε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥vε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥vε∥h,ε
Ḃ

d
2
2,1

)
∥∇aε∥h

Ḃ
d
p
−1

p,1

,

(244) ∥vε∇vh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥vε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥vε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥vε∥h,ε
Ḃ

d
2
2,1

)
∥∇vε∥h

Ḃ
d
p
−1

p,1

,

(245) ∥J(aε)Avh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ε∥aε∥h,ε
Ḃ

d
2
2,1

)
∥Avε∥h

Ḃ
d
p
−1

p,1

,

(246) ∥H1(a
ε)∇ah∥ℓ

Ḃ
−σ1
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ε∥aε∥h,ε
Ḃ

d
2
2,1

)
∥∇aε∥h

Ḃ
d
p
−1

p,1

,

(247) ∥H2(a
ε)∇θh∥ℓ

Ḃ
−σ1
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ε∥aε∥h,ε
Ḃ

d
2
2,1

)
∥∇θε∥h

Ḃ
d
p
−1

p,1

and

∥θε∇ah∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥θε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥θε∥m,ε

Ḃ
d
p
−1

p,1

+ ∥θε∥h,ε
Ḃ

d
2
−1

2,1

)
∥∇aε∥h

Ḃ
d
p
−1

p,1

.(248)

Concerning the other terms, we have

(249) ∥vε∇θh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥vε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥vε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥vε∥h,ε
Ḃ

d
2
2,1

)
∥∇θε∥h

Ḃ
d
p
−1

p,1

and

(250) ∥J(aε)divqh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ε∥aε∥h,ε
Ḃ

d
2
2,1

)
∥divqε∥h

Ḃ
d
p
−1

p,1

.

Concerning ∇(K3(a
ε)aε)θh, we split its analysis into two cases. For d

p − d
2 < σ1 ≤ σ0 =

2d

p
− d

2
, p < d,

using the embedding Lp ↪→ Ḃ
d
2−

2d
p

2,∞ , we have

∥∇K3(a
ε)θh∥ℓ

Ḃ
−σ0
2,∞

≲ ∥K(aε)∥Lp∥θε∥h
Ḃ0

p,1
(251)
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which leads to

∥∇K3(a
ε)∥Lp ≲ ∥∇aε∥Lp ≲ ∥∇aε∥ℓ

Ḃ
d
2
− d

p
2,1

+ ∥∇aε∥h
Ḃ0

p,1
(252)

≲ ∥aε∥ℓ
Ḃ

d
2
− d

p
2,1

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ∥aε∥h,ε
Ḃ

d
2
2,1

.

Then, using an interpolation inequality, for θ2 =
σ1+

d
2−

d
p

σ1+
d
2−1

, we have

∥aε∥ℓ
Ḃ

d
2
− d

p
2,1

≲

(
∥aε∥ℓ,

Ḃ
−σ1
2,∞

)1−θ2
(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

)θ2

.(253)

Thus

∥∇K3(a
ε)θh∥ℓ

Ḃ
−σ0
2,∞

≲

(
∥aε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥aε∥ℓ
Ḃ

−σ1
2,∞

+ ∥aε∥m,ε

Ḃ
d
p
p,1

+ ∥aε∥h,ε
Ḃ

d
2
2,1

)(
∥θε∥m,ε

Ḃ
d
p
p,1

+ ∥θε∥h,ε
Ḃ

d
2
2,1

)
.(254)

In the case 1− d
2 < σ1 ≤ d

p − d
2 ≤ 0, p < d, we have Ḃ

d
p−1

p,1 ↪→ Ld and thus

∥∇K3(a
ε)θh∥ℓ

Ḃ
−σ1
2,∞

≲ ∥aε∥
Ḃ

d
p
p,1

(
∥θε∥m,ε

Ḃ
d
2
p,1

+ ∥θε∥h,ε
Ḃ

d
p
p,1

)
.(255)

Since
N(∇vε,∇vε,h))

1 + aε
= (1 + I(aε)N(∇vε,∇vε,h)), in the case d

p − d
2 < σ1 ≤ σ0, we have

∥N(∇vε,∇vε,h))

1 + aε
∥ℓ
Ḃ

−σ1
2,∞

≲

(
1 + ∥aε∥

Ḃ
d
p
p,1

)
∥∇vε∥Lp∥∇vε,h∥Lp ,(256)

≲

(
1 + ∥aε∥

Ḃ
d
p
p,1

)(
∥vε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥vε∥ℓ
Ḃ

−σ1
2,∞

+ ∥vε∥m,ε

Ḃ
d
p
p,1

+ ∥vε∥h,ε
Ḃ

d
2
2,1

)

×

(
∥vε∥m,ε

Ḃ
d
p
p,1

+ ∥vε∥h,ε
Ḃ

d
2
2,1

)
.

In the case 1− d
2 < σ1 ≤ d

p − d
2 ≤ 0, we have

∥N(∇vε,∇vε,h))

1 + aε
∥ℓ
Ḃ

−σ1
2,∞

≲

(
1 + ∥aε∥

Ḃ
d
p
p,1

)
∥∇vε∥Ld∥∇vε,h∥Ld∗ ,(257)

≲

(
1 + ∥aε∥

Ḃ
d
p
p,1

)
∥vε∥

Ḃ
d
p
p,1

∥vε∥h
Ḃ

− d
p
+1

p,1

,(258)

(259) ∥vε∇qh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥vε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥vε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥vε∥h,ε
Ḃ

d
2
2,1

)
∥∇qε∥h

Ḃ
d
p
−1

p,1

,

(260) ∥qε∇vh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥qε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥qε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥qε∥h,ε
Ḃ

d
2
−1

2,1

)
∥∇vε∥h

Ḃ
d
p
−1

p,1

and

(261) ∥qεdivvh∥ℓ
Ḃ

−σ1
2,∞

≲

(
∥qε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥qε∥m,ε

Ḃ
d
p
−1

p,1

+ ε∥qε∥h,ε
Ḃ

d
2
−1

2,1

)
∥divvε∥h

Ḃ
d
p
−1

p,1

.
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Concerning H1(a
ε)θεdivvε, in the case d

p − d
2 < σ1 ≤ σ0, we have

∥H1(a
ε)θεdivvε∥ℓ

Ḃ
−σ1
2,∞

≲ ∥aε∥
Ḃ

d
p
p,1

(
∥θε∥ℓ

Ḃ
d
2
−1

2,1

+ ∥θε∥ℓ
Ḃ

−σ1
2,∞

+ ∥θε∥m,ε

Ḃ
d
p
−1

p,1

+ ∥θε∥h,ε
Ḃ

d
2
−1

2,1

)
(262)

×

(
∥vε∥m,ε

Ḃ
d
p
p,1

+ ∥vε∥h,ε
Ḃ

d
2
2,1

)
.

and, in the case 1− d
2 < σ1 ≤ d

p − d
2 ≤ 0, we have

∥H1(a
ε)θεdivvε,h∥ℓ

Ḃ
−σ1
2,∞

≲ ∥H1(a
ε)θεdivvε,h∥ℓ

Ḃ0
2,∞

(263)

≲ ∥aε∥
Ḃ

d
p
p,1

∥θε∥
Ḃ

d
p
−1

p,1

∥vε∥h,ε
Ḃ

d
p
+1

p,1

.

Gathering the estimates from this section and using that all the right-hand side can be bounded by
Xε(t)2 concludes the proof of Lemma 5.1. □

5.4. Conclusion of the proof of Theorem 2.2. Gathering the estimates from the previous sections
and using that Xε(t) ≲ Xε

0 ≪ 1, we obtain

d

dt
∥(aε, vε, θε, εqε)∥ℓ

Ḃ
d
2
−1

2,1

+
d

dt
(∥aε∥m

Ḃ
d/p
p,1

+ ∥wε∥m
Ḃ

d/p−1
p,1

+ ∥εQε∥m
Ḃ

d/p−2
p,1

+ ∥θε∥m
Ḃ

d/p−2
p,1

)

+
d

dt

(
∥εaε∥h

Ḃ
d/2+1
2,1

+ ∥εwε∥h
Ḃ

d/2
2,1

+ ∥ε2θε∥h
Ḃ

d/2+1
2,1

+ ∥ε3qε∥h
Ḃ

d/2+1
2,1

)
+ ∥(aε, vε, θε)ℓ∥

Ḃ
d
2
+1

2,1

+
1

ε
∥Qε,ℓ∥

Ḃ
d
2
−1

2,1

+ ∥qε,ℓ∥
Ḃ

d
2
2,1

+ ∥aε∥m
Ḃ

d/p
p,1

+ ∥wε∥m
Ḃ

d/p+1
p,1

+
1

ε
∥Qε∥m

Ḃ
d/p−2
p,1

+ ∥θε∥m
Ḃ

d/p
p,1

+ ∥εaε∥h
Ḃ

d/2+1
2,1

+ ∥εwε∥h
Ḃ

d/2+2
2,1

+ ∥(θε, εqε)∥h
Ḃ

d/2+1
2,1

≤ 0.

Then, we employ a classical interpolation argument to derive the time-decay estimates. Since −σ1 <
d
2 − 1 ≤ d

p < d
2 + 1, we have

∥(aε, vε, θε)∥ℓ
Ḃ

d
2
−1

2,1

≤
(
∥(aε, vε, θε)∥ℓ∥

Ḃ
−σ1
2,∞

)θ1 (
∥(aε, vε, θε)ℓ∥

Ḃ
d
2
+1

2,∞

)1−θ1

(264)

where θ = 2
d/2+1+σ1

. Using the Ḃ−σ1
2,∞ -boundedness obtained in Lemma 5.1, we deduce that

∥(aε, vε, θε)∥ℓ
Ḃ

d
2
+1

2,1

≥ c0

(
∥(aε, vε, θε)∥ℓ

Ḃ
d
2
−1

2,1

) 1
1−θ1

.(265)

In addition, it is easy to see that

∥qε∥ℓ
Ḃ

d
2
2,1

≥

(
∥εqε∥ℓ

Ḃ
d
2
−1

2,1

) 1
1−θ1

.(266)

Concerning the medium frequencies, using Bernstein inequality, we have

∥aε∥m,ε

Ḃ
d
p
p,1

≥ C

(
∥aε∥m,ε

Ḃ
d
p
p,1

) 1
1−θ1

, ∥wε∥m,ε

Ḃ
d
p
+1

p,1

≥ C

(
∥wε∥m,ε

Ḃ
d
p
−1

p,1

) 1
1−θ1

, ∥θε∥m,ε

Ḃ
d
p
p,1

≥ C

(
∥θε∥m,ε

Ḃ
d
p
−2

p,1

) 1
1−θ1

.

(267)

Moreover, it is clear that

1

ε
∥Qε∥m,ε

Ḃ
d
p
−2

p,1

≥

(
∥εQε∥m,ε

Ḃ
d
p
−2

p,1

) 1
1−θ1

.(268)
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Concerning the high frequencies, one has

∥εaε∥h,ε
Ḃ

d
2
+1

2,1

≥

(
∥εaε∥h,ε

Ḃ
d
2
+1

2,1

) 1
1−θ1

, ε2∥εwε∥h,ε
Ḃ

d
2
+2

2,1

≥

(
∥εwε∥h,ε

Ḃ
d
2
2,1

) 1
1−θ1

(269)

and

∥(θε, εqε)∥h,ε
Ḃ

d
2
+1

2,1

≥

(
∥(ε2θε, ε3qε)∥h,ε

Ḃ
d
2
+1

2,1

) 1
1−θ1

.(270)

Therefore, defining

L1 = ∥(aε, vε, θε, εqε)∥ℓ
Ḃ

d
2
−1

2,1

+ ∥aε∥m
Ḃ

d/p
p,1

+ ∥wε∥m
Ḃ

d/p−1
p,1

+ ∥εQε∥m
Ḃ

d/p−2
p,1

+ ∥θε∥m
Ḃ

d/p−2
p,1

(271)

+ ∥εaε∥h
Ḃ

d/2+1
2,1

+ ∥εwε∥h
Ḃ

d/2
2,1

+ ∥ε2θε∥h
Ḃ

d/2+1
2,1

+ ∥ε3qε∥h
Ḃ

d/2+1
2,1

(272)

and gathering the previous estimates, we obtain
d

dt
L1 + c0L

1+ 2
d/2−1+σ1

1 ≤ 0.(273)

Solving (273) and following the embedding arguments from [61] gives the desired decay estimate (22),
which concludes the proof of Theorem 2.2. □

6. Proof of the relaxation Theorem 2.4

6.1. Formulation of the error system. Let (aε0, u
ε, θε, qε) and (a, u, θ) be the solutions of (11) and

(12) from Theorem 2.1 and 2.3 associated to the initial data (aε0, v
ε
0, θ

ε
0, q

ε
0) and (a0, v0, θ0), respectively.

We will prove that as ε → 0, we have (aε0, vε0, θε0, qε0) → (a0, v0, θ0) strongly in some suitable homogeneous
Besov norms. To that matter, we define the error unknowns (ã, ṽ, θ̃) as

(ã, ṽ, θ̃) := (aε − a, vε − v, θε − θ).

The couple (ã, ṽ, θ̃) satisfies

(274)


∂tã+ div ṽ = −F̃ ,

∂tṽ −Aṽ +∇ã+∇θ̃ = −G̃,

∂tθ̃ −∆θ̃ + div ṽ = −divQ− H̃,

where

F̃ = vε · ∇ã+ ṽ · ∇a+ ã divvε + adiv ṽ,

G̃ = ṽ · ∇v − vε · ∇ṽ + (J(aε)− J(a))Avε/ν + J(a)Aṽ/ν + (H1(a
ε)−H1(a))∇aε +H1(a))∇ã

+ (H2(a
ε)−H2(a))∇θε +H2(a))∇θ̃ + θ̃∇H3(a

ε) + θ∇(H3(a
ε)−H3(a)),

H̃ = ṽ · ∇θε + v · ∇θ̃ + (J(aε)− J(a))divqε + J(a)(divqε −∆θ)− R̃,

where

R̃ =
N(∇vε,∇vε)

1 + aε
− N(∇v,∇v)

1 + a
+ H̃1(a

ε)θεdivvε − H̃1(a)θdivv.

The linear part of (274) has a similar structure to the Navier-Stokes-Fourier system (4), thus, as in [21],
we analyze differently the low and high frequencies. In order to control the linear part of the source
terms, we derive a priori estimates at different regularities in both frequency regime. To find the optimal
regularity indexes to do so, we first check in which space we are able to extract a O(ε) bound for the
linear source term divQ. From Theorem 2.1, we have

∥Qε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
+ ∥Qε∥m,ε

L1
T (Ḃ

d
p
−2

p,1 ∩Ḃ
d
p
−1

p,1 )

+ ∥Qε∥h,ε
L1

T (Ḃ
d
2
−1

2,1 )
= O(ε).(275)

This suggests us to work at the regularity index d/2 − 2 and d/p − 2 in low frequencies and high
frequencies, respectively, for the component θε.
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6.2. Error estimates: linear analysis. We have the following proposition.

Proposition 6.1. Let (aε, uε, θε, qε) and (a, u, θ) be the solutions of the system (11) and (12) from
Theorem 2.1 and 2.3 respectively, such that their initial data satisfy

∥(aε0 − a0, v
ε
0 − v0, θ

ε
0 − θ0)∥ℓ

Ḃ
d
2
−2

2,1

+ ∥aε0 − a0∥h
Ḃ

d
p
−1

p,1

+ ∥(vε0 − v0, θ
ε
0 − θ0)∥h

Ḃ
d
p
−2

p,1

≤ Cε.(276)

Then

X̃(t) :=∥(ã, ṽ, θ̃)∥ℓ
L∞

T (Ḃ
d
2
−2

2,1 )
+ ∥(ã, ṽ, θ̃)∥ℓ

L1
T (Ḃ

d
2
2,1)

+ ∥ã∥h
L∞

T ∩L1
T (Ḃ

d
p
−1

p,1 )

+ ∥(ṽ, θ̃)∥h
L∞

T (Ḃ
d
p
−2

p,1 )

+ ∥(ṽ, θ̃)∥h
L1

T (Ḃ
d
p
p,1)

≲ ε+ X̃(t)Xε(t) + I1 + I2,

where

I1 = ∥(F̃ , G̃, H̃)∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
and I2 = ∥F̃ − vε · ∇ã∥h

L1
T (Ḃ

d
p
−1

2,1 )

+ ∥(G̃, H̃)∥h
L1

T (Ḃ
d
p
−2

p,1 )

.

Proof. Step1: low-frequency estimates: j ≤ J0. Applying the localization operator ∆̇j to (274),
we obtain

(277)


∂tãj + div ṽ + vε · ∇ã = −F̃j ,

∂tṽj −Aṽj +∇ãj +∇θ̃j = −G̃j ,

∂tθ̃j −∆θ̃j + div ṽj = −divQj − H̃j .

Defining the perturbed energy functional

L̃ℓ
j = ∥(ãj , ṽj , θ̃j)∥2L2 +

1

2

∫
R
ṽj∇ãj for j ≤ J0,(278)

and following the exact same steps as in Section 4.1, we obtain

∥(ã, ṽ, θ̃)∥ℓ
L∞

T (Ḃ
d
2
−2

2,1 )
+ ∥(ã, ṽ, θ̃)∥ℓ

L1
T (Ḃ

d
2
2,1)

≤ ∥(ã0, ṽ0, θ̃0)∥ℓ
Ḃ

d
2
−2

+ ∥Q∥ℓ
L1

T (Ḃ
d
2
−1)

(279)

+ ∥(F̃ , G̃, H̃)∥ℓ
L1

T (Ḃ
d
2
−2)

.

Using (275), we have

∥Qε∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
≤ ε(280)

and thus

∥(ã, ṽ, θ̃)∥ℓ
L∞

T (Ḃ
d
2
−2

2,1 )
+ ∥(ã, ṽ, θ̃)∥ℓ

L1
T (Ḃ

d
2
2,1)

≤ ∥(ã0, ṽ0, θ̃0)∥ℓ
Ḃ

d
2
−1

2,1

+ ε+ ∥(F̃ , G̃, H̃)∥ℓ
L1

T (Ḃ
d
2
−2)

.(281)

Step 2: high-frequency estimates: j ≥ J0. In high frequencies, we follow the computations done
in the medium-frequency regime in Section 3.2. We introduce the effective velocity w̃ = ṽ+ (−∆)−1∇ã

to partially diagonalize the system, it reads as

(282)


∂tã+ ã+ vε · ∇ã = div w̃ + F̃ ,

∂tw̃ −∆w̃ = w̃ − (−∆)−1∇ã+∇θ̃ + G̃+ (−∆)−1∇F̃ ,

∂tθ̃ −∆θ̃ = −div w̃ − ã+ divQ+ H̃,

Then, standard estimates for damped and diffusive equations leads to

∥ã∥h,ε
L∞

T (Ḃ
d
p
−1

p,1 )

+ ∥ã∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥ã0∥h,ε
Ḃ

d
p
−1

p,1

+ ∥w̃∥h,ε
L1

T (Ḃ
d
p
p,1)

+ ∥∇ũ∥
L1

T (Ḃ
d/p−1
p,1 )

∥ãε∥
L∞

T (Ḃ
d/p−1
p,1 )

+ ∥F̃1∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

≲ ∥ã0∥h,ε
Ḃ

d
p
−1

p,1

+ ∥w̃∥h,ε
L1

T (Ḃ
d
p
p,1)

+ ∥F̃1∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

+ ∥vε∥
L1

T (Ḃ
d
p
+1

p,1 )
∥ã∥

L∞
T (Ḃ

d
p
−1

p,1 )
(283)
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and

∥w̃∥h,ε
L∞

T (Ḃ
d
p
−2

p,1 )

+ ∥w̃∥h,ε
L1

T (Ḃ
d
p
p,1)

≲ ∥w̃0∥h,ε
Ḃ

d
p
−2

p,1

+ ∥w̃∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

+ ∥ã∥h,ε
L1

T (Ḃ
d
p
−3

p,1 )

(284)

+ ∥θ̃∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

+ ∥G̃∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

+ ∥F̃1∥h,ε
L1

T (Ḃ
d
p
−3

p,1 )

.

Moreover, for θ̃, we have

∥θ̃∥h,ε
L∞

T (Ḃ
d
p
−2

p,1 )

+ ∥θ̃∥h,ε
L1

T (Ḃ
d
p
p,1)

≲ ∥θ̃0∥h,ε
Ḃ

d
p
−2

p,1

+ ∥w̃∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

+ ∥ã∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

(285)

+ ∥Q∥h,ε
L1

T (Ḃ
d
p
−1

p,1 )

+ ∥H̃∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

.

Gathering (283), (284) and (285), and using Berstein inequalities from Proposition 2.1, the linear source
terms can be absorbed for J0 large enough and we obtain the desired estimates. □

6.3. Error estimates: nonlinear analysis. We are now left with the estimation of the nonlinear
terms. Together with Proposition 6.1, the following proposition concludes the proof of Theorem 2.4.

Proposition 6.2. We have

I1 + I2 ≤ εXε(t) + X̃(t)(X(t) +Xε(t)),

where X(t) is defined in (24), Xε(t) in (43) and we recall that

X̃(t) = ∥(ã, ṽ, θ̃)∥ℓ
L∞

T (Ḃ
d
2
−2

2,1 )
+ ∥(ã, ṽ, θ̃)∥ℓ

L1
T (Ḃ

d
2
2,1)

(286)

+ ∥ã∥h,ε
L∞

T ∩L1
T (Ḃ

d
p
−1

p,1 )

+ ∥(ṽ, θ̃)∥h,ε
L∞

T (Ḃ
d
p
−2

p,1 )

+ ∥(ṽ, θ̃)∥h,ε
L1

T (Ḃ
d
p
p,1)

.

Proof. Step 1: Analysis of I1. In this section we mainly rely on Proposition B.2 to control the
nonlinearities. First, we estimate the terms coming from F̃ . Using (309), we have

∥vε · ∇ã∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥∇ã∥

L2
T (Ḃ

d
p
−2

p,1 )
∥vε∥

L2
T (Ḃ

d
p
p,1)

+ ∥∇ã∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥∇ã∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

∥vε∥
L∞

T (Ḃ
d
p
−1

p,1 )

≲ Xε(t)X̃(t).

Thanks to (308), we obtain

∥ṽ · ∇a∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥ṽ∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇a∥

L2
T (Ḃ

d
p
−1

p,1 )

≲ X̃(t)X(t).

Employing (308), we get

∥ãdivvε∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥ã∥

L2
T (Ḃ

d
p
−1

p,1 )
∥divvε∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t),

∥adiv ṽ∥ℓ
L1

T (Ḃ
d
2
−2

p,1 )
≲ ∥a∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥div ṽ∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)X(t).

Gathering the above estimates, we obtain

∥F̃∥
L1

T (Ḃ
d
2
−2

2,1 )
≲ X̃(t)(X(t) +Xε(t)).

Next, we estimate the terms coming from G̃. Using (308), we have

∥ṽ · ∇v∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥ṽ∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇v∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)X(t),

∥vε · ∇ṽ∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥vε∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥∇ṽ∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t),
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Applying composition estimates and (308), we obtain

∥ (J(aε)− J(a))Avε/ν∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥ã∥

L2
T (Ḃ

d
p
−1

p,1 )
∥Avε∥

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥ã∥
L2

T (Ḃ
d
p
−1

p,1 )
∥vε∥

L2
T (Ḃ

d
p
+1

p,1 )

≲ X̃(t)Xε(t)

and

∥(H1(a
ε)−H1(a))∇aε∥ℓ

L1
T (Ḃ

d
2
−2

2,1 )
≲ ∥ã∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇aε∥

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥ã∥
L2

T (Ḃ
d
p
−1

p,1 )
∥aε∥

L2
T (Ḃ

d
p
p,1)

≲ X̃(t)Xε(t).

Using (308), (310) and (309), we obtain

∥H1(a)∇ãℓ∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≤ ∥a∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥ã∥ℓ

L1
T (Ḃ

d
p
p,1)

≲ X̃(t)X(t)

∥H1(a)∇ãh∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≤ ∥∇ã∥

L2
T (Ḃ

d
p
−2

p,1 )
∥a∥

L2
T (Ḃ

d
p
p,1)

+ ∥∇ã∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
∥a∥

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥∇ã∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

∥a∥
L∞

T (Ḃ
d
p
−1

p,1 )
≲ X̃(t)Xε(t),

∥(H2(a
ε)−H2(a))∇θε∥ℓ

L1
T (Ḃ

d
2
−2

2,1 )
≲ ∥ã∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇θε∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t),

∥H2(a)∇θ̃∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥a∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥∇θ̃∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)X(t),

∥θ̃∇H3(a
ε)∥ℓ

L1
T (Ḃ

d
2
−2

2,1 )
≲ ∥θ̃∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇aε∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t).

Using (310), we have

∥θ∇(H3(a
ε)−H3(a))∥ℓ

L1
T (Ḃ

d
2
−2

2,1 )
≲ ∥∇ã∥

L∞
T (Ḃ

d
p
−2

p,1 )
∥θ∥

L1
T (Ḃ

d
p
p,1)

+ ∥∇ã∥ℓ
L1

T (Ḃ
d
2
−1

2,1 )
∥θ∥

L∞
T (Ḃ

d
p
−1

p,1 )

+ ∥∇ã∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

∥θ∥
L∞

T (Ḃ
d
p
−1

p,1 )

≲ X̃(t)X(t).

Below, we estimate the terms coming from H̃. Again, using (309) and (308), we obtain

∥ṽ · ∇θε∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥ṽ∥

L2
T (Ḃ

d
p
−1

p,1 )
∥∇θε∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t),

∥v · ∇θ̃∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥v∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥∇θ̃∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)X(t).

The product law (308) together with composition estimates, we have

∥(J(aε)− J(a))divqε∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥J(aε)− J(a)∥

L2
T (Ḃ

d
p
−1

p,1 )
∥divqε∥

L2
T (Ḃ

d
p
−1

p,1 )

≲ ∥ã∥
L2

T (Ḃ
d
p
−1

p,1 )
∥qε∥

L2
T (Ḃ

d
p
p,1)

≲ X̃(t)Xε(t).

Since

∥J(aε)(divqε +∆θ)∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ ∥J(aε)divQε∥ℓ

L1
T (Ḃ

d
p
−2

p,1 )

+ ∥J(aε)∆θ̃∥ℓ
L1

T (Ḃ
d
p
−2

p,1 )

,
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we have

∥J(aε)divQε∥ℓ
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥divQε∥
L1

T (Ḃ
d
p
−2

p,1 )
∥aε∥

L∞
T (Ḃ

d
p
p,1)

+ ∥divQε∥ℓ
L1
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d
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∥aε∥
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T (Ḃ

d
p
−1

p,1 )

+ ∥divQε∥h,ε
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T (Ḃ
d
p
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p,1 )

∥aε∥
L∞

T (Ḃ
d
p
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p,1 )

≲ εXε(t)

and

∥J(aε)∆θ̃∥ℓ
L1

T (Ḃ
d
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p,1 )

≲ ∥∆θ̃∥
L1

T (Ḃ
d
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p,1 )
∥aε∥

L∞
T (Ḃ

d
p
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+ ∥∆θ̃∥ℓ
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T (Ḃ
d
2
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∥aε∥

L∞
T (Ḃ

d
p
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+ ∥∆θ̃∥h,ε
L1

T (Ḃ
d
p
−2

p,1 )

∥aε∥
L∞

T (Ḃ
d
p
−1

p,1 )

≲ X̃(t)Xε(t).

Finally, it is easy to show that ∥R̃∥ℓ
L1

T (Ḃ
d
2
−2

2,1 )
≲ X̃(t)Xε(t) where R̃ =

N(∇vε,∇vε)

1 + aε
− N(∇v,∇v)

1 + a
+

H̃1(a
ε)θεdivvε − H̃1(a)θdivv.

Step 2: Analysis of I2. First, we estimate the terms coming from F̃ . We have

∥ṽ · ∇a∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ ∥ṽ∥

L1
T (Ḃ

d
p
p,1∩L∞)

∥∇a∥
L∞

T (Ḃ
d
p
−1

p,1 )
≲ X̃(t)X(t),

∥ã divvε∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ ∥ã∥

L∞
T (Ḃ

d
p
−1

p,1 )
∥divvε∥

L1
T (Ḃ

d
p
p,1)

≲ Xε(t)X̃(t),

∥a div ṽ∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ ∥a∥

L∞
T (Ḃ

d
p
p,1)

∥div ṽ∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ X̃(t)X(t).

Gathering the above estimates, we obtain

∥F̃∥
L1

T (Ḃ
d
p
−1

p,1 )
≲ X̃(t)(X(t) +Xε(t)).

Then, we deal with G̃. We have

∥ṽ · ∇v∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥ṽ∥
L2

T (Ḃ
d
p
−1

p,1 )
∥∇v∥

L2
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)X(t),

∥vε · ∇ṽ∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥vε∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥∇ṽ∥

L1
T (Ḃ

d
p
−1

p,1 )
≲ X̃(t)Xε(t).

Using product laws and the composition proposition 315, we have

∥ (J(aε)− J(a))Avε/ν∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥ã∥
L∞

T (Ḃ
d
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−1

p,1 )
∥Avε∥
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d
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≲ ∥ã∥
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∥vε∥
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T (Ḃ

d
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p,1 )

≲ X̃(t)Xε(t).

Similarly,

∥J(a)Aṽ/ν∥h
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d
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p,1 )

≲ ∥a∥
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d
p
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∥Aṽ∥
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T (Ḃ
d
p
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and

∥(H1(a
ε)−H1(a))∇aε∥h

L1
T (Ḃ

d
p
−2

p,1 )

≲ ∥ã∥
L2
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d
p
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p,1 )
∥∇aε∥
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d
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p,1)

∥∇θ̃∥
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d
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p,1 )
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∥∇aε∥
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p,1 )
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Decomposing θ = θℓ + θh, we obtain

∥θ∇(H3(a
ε)−H3(a))∥h
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∥∇ã∥
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∥ã∥
L∞

T (Ḃ
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d
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∥ã∥
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d
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Finally, we estimate the terms coming from H̃. We have

∥ṽ · ∇θε∥h
L1

T (Ḃ
d
p
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p,1 )

≲ ∥ṽ∥
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d
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p,1 )
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d
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∥v · ∇θ̃∥h
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The composition inequality 315 coupled with product laws gives

∥(J(aε)− J(a))divqε∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥J(aε)− J(a)∥
L2

T (Ḃ
d
p
−1

p,1 )
∥divqε∥

L1
T (Ḃ

d
p
−1

p,1 )

≲ ∥ã∥
L∞

T (Ḃ
d
p
−1

p,1 )
∥qε∥

L1
T (Ḃ

d
p
p,1)

≲ X̃(t)Xε(t)

and

∥J(aε)(divqε +∆θ)∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥J(aε)(divqε +∆θε)∥h
L1

T (Ḃ
d
p
−2

p,1 )

+ ∥J(aε)∆θ̃∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ ∥aε∥
L∞

T (Ḃ
d
p
p,1)

∥Qε∥
L1

T (Ḃ
d
p
−1

p,1 )
+ ∥aε∥

L∞
T (Ḃ

d
p
p,1)

∥θ̃∥
L1

T (Ḃ
d
p
p,1)

≲ εXε(t) + X̃(t)Xε(t).

Then, it is easy to show that

∥R̃∥h
L1

T (Ḃ
d
p
−2

p,1 )

≲ X̃(t)Xε(t).

Step 3: Conclusion of the proof. Gathering the estimates of Step 1 and Step 2, the proof of
Proposition 6.2 is complete. □

7. Extensions and open problems

In this work, we justified rigorously the relaxation relation between the Navier-Stokes-Cattaneo-
Christov system (9) and the Navier-Stokes-Fourier system (4). Our analysis opens up several possible
extensions and problems. We discuss some of them below.
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1. The fully hyperbolic Navier-Stokes system. We expect our method to be able to treat a fully
hyperbolic version of the Navier-Stokes system. Replacing the constitutive law for a Newtonian
fluid

τ = 2µD(u)Id + λdivu Id(287)

where τ is the stress tensor, by the Maxwell’s relation

ε22(∂tτ + u · ∇τ + g(τ,∇u)) + τ = 2µD(u)Id + λdivu Id(288)

for a relaxation parameter ε2 > 0, where g(τ,∇u) ≜ τW (u) − W (u)τ and W (u) is the skew-
symmetric part of ∇u, namely, W (u) = 1

2 (∇u−T∇u). To deal with such a system, and show
that (9) with the law (288) converges as ε1, ε2 → 0 toward the Navier-Stokes Fourier system
(4) one would need to consider an additional frequency-threshold Jε2 = 1/ε2 and distinguish
four frequency-regimes instead of three. For more information on fully hyperbolic Navier-Stokes
systems, see [34, 52] and references therein.

2. Two-dimensional hyperbolic Navier-Stokes systems. Due to technical limitations in the product,
composition and commutator laws, we are restricted to the case d ≥ 3 in the analysis presented
here. It would be interesting to develop a method for the d = 2 case. To this end, one could
adapt the Lagrangian analysis used in [13] to the present framework.

3. A complete hyperbolic structure. As demonstrated by Angeles in [1], the inviscid form of system
(9) lacks hyperbolicity, posing a challenge in establishing the well-posedness, particularly for
the Euler-Cattaneo system. To address this issue, we identify two potential approaches. One
option is to utilize the modified Cattaneo-Christov law introduced in [3], which renders the
system hyperbolic. Alternatively, we could follow the methodology introduced by Dhaouadi
and Gavrilyuk [27], who recently proposed a purely hyperbolic way of modelling heat transfer
with a finite speed of propagation. In both approaches, the relaxation structure is similar to
the one studied in the present paper and achieving the strong relaxation limit associated with
their hyperbolic heat transfer can be done using the methodology we developed.

Appendix A. Reformulation of the system

We adapt the reformulation done in [21, 26]. Recall that the Navier-Stokes-Cattaneo-Christov
system (9) reads

(289)


∂tρ

ε + div(ρεuε) = 0,

ρε(∂tu
ε + u · ∇u) +∇(T επ(ρε)) = divτε,

ρεCv(∂tT
ε + u · ∇T ε) + T επ(ρε)divuε + divqε = div(τε · uε),

ε2(∂tq
ε + uε · ∇qε − qε · ∇uε + qεdivuε) + qε + κ∇T ε = 0.

Let ρ̄ > 0 and T̄ > 0, linearizing the system (289) around the constant equilibrium

(ρ̄, ū, T̄ , q̄) = (ρ̄, 0, T̄ , 0)

and setting aε =
ρε − ρ̄

ρ̄
and ϑε = T ε − T̄ , we obtain

∂ta
ε + divuε = −div(aεuε),

∂tu
ε + uε · ∇uε − Ãuε

ρ̄(1 + aε)
+

π′(ρ̄(1 + aε))T̄

1 + aε
∇aε +

π(ρ̄(1 + aε))

ρ̄(1 + aε)
∇ϑε +

π′(ρ̄(1 + aε))

1 + aε
ϑε∇aε = 0,

∂tϑ
ε + uε · ∇ϑε + (T̄ + ϑε)

π(ρ̄(1 + aε))

ρ̄Cv(1 + aε)
divuε +

divqε

ρ̄Cv(1 + aε)
=

2µ|Duε|2 + λ(divuε)2

ρ̄Cv(1 + aε)
,

ε2(∂tq
ε + uε · ∇qε − qε · ∇uε + qεdivuε) + qε + κ∇ϑε = 0.

where Ãuε = µ∆uε + (µ + λ)∇div uε. Denoting ν := λ + 2µ, ν̄ := ν/ρ̄, χ0 := ∂ρP (ρ̄, T̄ )−1/2 and
performing the change of unknowns

aε(t, x) = aε(ν̄χ2
0t, ν̄χ0x), vε(t, x) = χ0u

ε(ν̄χ2
0t, ν̄χ0x),
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θε(t, x) = χ0

√
Cv

T̄
ϑε(ν̄χ2

0t, ν̄χ0x) and qε(t, x) =

√
Cv

T̄
qε(ν̄χ2

0t, ν̄χ0x),

we arrive at

(290)


∂ta

ε + divvε = F ε,

∂tv
ε −Avε +∇aε + γ∇θε = Gε,

∂tθ
ε + βdivqε + γdivvε = Hε,

ε2∂tq
ε + αqε + κ∇θε = ε2Iε,

with α = ν̄χ2
0, γ =

χ0

ρ̄

√
T̄

Cv
π(ρ̄), β =

χ2
0

ρ̄Cv
and the nonlinear source terms are given by

F ε = −div(aεvε), Gε = −vε · ∇vε − J(aε)Avε/ν −H1(a
ε)∇aε −H2(a

ε)∇θε − θ∇H3(a
ε),

Hε = −vε · ∇θε + J(aε)divqε +
N(∇vε,∇vε)

1 + aε
− H̃1(a

ε)θεdivvε,

Iε = −vε · ∇qε + qε · ∇vε − qεdivvε,

where J(aε) =
aε

1 + aε
and the Hi are smooth functions, written explicitly in [21, 26], such that H1(0) =

H2(0) = H3(0) = H̃1(0) = 0.

Appendix B. Classical lemmas and Harmonic analysis

B.1. Classical lemmas. We often used the following well-known result (see e.g. [18] for its proof).

Lemma B.1. Let p ≥ 1 and X : [0, T ] → R+ be a continuous function such that Xp is a.e. differentiable.
We assume that there exist a constant b ≥ 0 and a measurable function A : [0, T ] → R+ such that

1

p

d

dt
Xp + bXp ≤ AXp−1 a.e. on [0, T ].

Then, for all t ∈ [0, T ], we have

X(t) + b

∫ t

0

X ≤ X0 +

∫ t

0

A.

B.2. Harmonic analysis tools. We consider the Cauchy problem for the damped heat equation

(291)

{
∂tu− c1∆u+ c2u = f, x ∈ Rd, t > 0,

u(0, x) = u0(x), x ∈ Rd,

where c1 ≥ 0 and c2 ≥ 0. The following lemma gives estimates for equations of the form (291).

Lemma B.2. Let s ∈ R, p ≥ 2, T > 0 be given time, and ci ≥ 0 (i = 1, 2) be positive constants. Assume
u0 ∈ Ḃs

p,1 and f ∈ L1(0, T ; Ḃs
p,1). If u is the solution to the Cauchy problem (291) for t ∈ (0, T ), then

u satisfies

(292) ∥u∥L̃∞
t (Ḃs

p,1)
+ c1∥u∥L1

t (Ḃ
s+2
p,1 ) + c2∥u∥L1

t (Ḃ
s
p,1)

≲ ∥u0∥Ḃs
p,1

+ ∥f∥L1
t (Ḃ

s
p,1)

, t ∈ (0, T ),

and for c2 > 0,

(293) ∥u∥L̃∞
t (Ḃs) +

√
c1∥u∥L̃2

t (Ḃ
s+1
p,1 ) ≤ C(∥u0∥Ḃs

p,1
+

1
√
c1

∥f2∥L̃2
t (Ḃ

s−1
p,1 )) t ∈ (0, T ),

where C > 0 is a constant independent of c1.

To deal with nonlinearities in our hybrid L2−Lp framework with need special product laws. First,
we state high-frequency product laws which improves the oen derived in [19].
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Proposition B.1 (High frequencies product law). Let 2 ≤ p ≤ 4 and p∗ ≜ 2p/(p − 2). For all s > 0,
we have

∥ab∥h,ε
Ḃs

2,1

≲ ∥a∥
Ḃ

d
p
p,1

∥b∥h,ε
Ḃs

2,1

+ ∥b∥
Ḃ

d
p
p,1

∥a∥h,ε
Ḃs

2,1

+ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

+ ∥b∥ℓ,ε
Ḃ

d
p
p,1

∥a∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.(294)

∥ab∥h,ε
Ḃs

2,1

≲ ∥a∥
Ḃ

d
p
−1

p,1

∥b∥h,ε
Ḃs+1

2,1

+ ∥b∥
Ḃ

d
p
−1

p,1

∥a∥h,ε
Ḃs+1

2,1

+ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

+ ∥b∥ℓ,ε
Ḃ

d
p
p,1

∥a∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.(295)

∥ab∥h,ε
Ḃs

2,1

≲ ∥a∥
Ḃ

d
p
p,1

∥b∥h,ε
Ḃs

2,1

+ ∥b∥
Ḃ

d
p
−1

p,1

∥a∥h,ε
Ḃs+1

2,1

+ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

+ ∥b∥ℓ,ε
Ḃ

d
p
p,1

∥a∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.(296)

For s = d/2, we have

∥ab∥h,ε
Ḃ

d
2
2,1

≲ ∥a∥
Ḃ

d
p
p,1

∥(bh,ε, bℓ)∥
Ḃ

d
2
2,1

+ ∥b∥m,ε

Ḃ
d
p
−1

p,1

∥a∥
Ḃ

d
p
p,1

+ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥m,ε

Ḃ
d
p
p,1

.(297)

Proof. We recall the so-called Bony decomposition (first introduced by Bony in [8]) for the product of
two tempered distributions f and g:

ab = Tab+ T ′
ba with Tab ≜

∑
j∈Z

Ṡj−1a ∆̇jb and T ′
ba ≜

∑
j∈Z

Ṡj+2b ∆̇ja.

Using this decomposition and further splitting a and b into low and high frequencies, we get

ab = T ′
ba

h,ε + Tab
h,ε + T ′

Ḃh,εa
ℓ,ε + Tah,εbℓ,ε + aℓ,εbℓ,ε.

All the terms in the right-hand side, except for the last one, may be bounded following the computations
done in [19]. We have

∥T ′
ba

h,ε∥Ḃs
2,1

≲ ∥b∥L∞∥a∥h,ε
Ḃs

2,1

.(298)

∥Tab
h,ε∥Ḃs

2,1
≲ ∥a∥L∞∥b∥h,ε

Ḃs
2,1

.(299)

Since aℓ,ε = ṠJ1+1a and bh,ε = (Id− ṠJ1+1)b, we see that

T ′
Ḃh,εa

ℓ,ε = ṠJ1+2b
h,ε ∆̇J1+1a

ℓ,ε.

Consequently, as ṠJ1+2b
h,ε = (∆̇J1−1 + ∆̇J1 + ∆̇J1+1)b

h,ε,

∥T ′
Ḃh,εa

ℓ,ε∥Ḃs
2,1

≲ ∥ṠJ1+2b
h,ε∥L2∥∆̇J1+1a

ℓ,ε∥L∞ ≲ ∥b∥h,ε
Ḃs

2,1

∥a∥L∞ .

Similarly, we have

∥Tah,εbℓ,ε∥Ḃs
2,1

≲ ∥a∥h,ε
Ḃs

2,1

∥bℓ,ε∥L∞ .

Next, we deal with the term aℓ,εbℓ,ε as in [64]. We have

∥aℓ,εbℓ,ε∥h,ε
Ḃs

2,1

≲ ∥∇(aℓ,εbℓ,ε)∥h,ε
Ḃs−1

2,1

≲ ∥∇aℓ,ε bℓ,ε∥h,ε
Ḃs−1

2,1

+ ∥aℓ,ε∇bℓ,ε∥h,ε
Ḃs−1

2,1

By symmetry, we only deal with ∇aℓ,ε bℓ,ε. We have

∥∇aℓ,ε bℓ,ε∥h,ε
Ḃs−1

2,1

≤ ∥T ′
∇aℓ,ε b

ℓ,ε∥h,ε
Ḃs−1

2,1

+ ∥TḂℓ,ε∇aℓ,ε∥h,ε
Ḃs−1

2,1

Then, standard paraproduct estimates give

∥T ′
∇aℓ,ε b

ℓ,ε∥h,ε
Ḃs−1

2,1

≲ ∥∇aℓ,ε∥
Ḃ

d
p∗ −1

p∗,1

∥bℓ,ε∥
Ḃ

s+ d
p
− d

2
p,1

,

≲ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.



46 T. CRIN-BARAT, S. KAWASHIMA, AND J. XU

Concerning TḂℓ,ε∇aℓ,ε, we have

∥TḂℓ,ε∇aℓ,ε∥h,ε
Ḃs−1

2,1

≲
∑

j≥Jε,|j−j′|≤1

2j(s−1)∥Sj′−1b
ℓ,ε∆̇j∆̇j′∇aℓ,ε∥L2

+
∑

j≥Jε,|j−j′|≤4

2j(s−1)∥[∆̇j , Sj′−1b]∆̇j′∇aℓ,ε∥L2 .

= R1 +R2.

For R1, we have

R1 ≤ ∥bℓ,ε∥L∞∥∇a∥h,ε
Ḃs−1

2,1

.

For R2, we using commutator estimates yield∑
j≥Jε,|j−j′|≤4

2j(s−1)∥[∆̇j , Sj′−1b]∆̇j′∇aℓ,ε∥L2 ≲
∑

j′≥Jε,|j−j′|≤4

2j(s−1)∥∇bℓ,ε∥L∞∥∆̇j′a
ℓ,ε∥L2

+
∑

|j−j′|≤4,Jε>j′≥Jε−4

2j(
d
2−

d
p−1)2j

′(s+ d
p−

d
2 )2(j−j′)(s+ d

p−
d
2 )∥∇bℓ,ε∥Lp∗ ∥∆̇j′a

ℓ,ε∥Lp

≲ ∥∇bℓ,ε∥L∞∥a∥h,ε
Ḃs−1

2,1

+ 2(
d
p∗ −1)Jε∥∇bℓ,ε∥Lp∗∥a∥ℓ,ε

Ḃ
s+ d

p
− d

2
p,1

.

where we used that d/p∗ = d/2−d/p and d/2−d/p−1 ≤ 0. Then, employing Ḃ
d
p−

d
p∗

p,1 ↪→ Lp∗
, as p ≤ p∗,

we have

2(
d
p∗ −1)Jε∥∇bℓ,ε∥Lp∗ ≲ 2(

d
p∗ −1)Jε∥b∥ℓ,ε

Ḃ
d
p
− d

p∗+1

p,1

≲ 2(
d
p∗ −1)Jε2(1−

d
p∗ )Jε∥b∥ℓ,ε

Ḃ
d
p
p,1

≲ ∥b∥ℓ,ε
Ḃ

d
p
p,1

.

Gathering these estimates, we obtain

∥∇aℓ,ε bℓ,ε∥h,ε
Ḃs−1

2,1

≲ ∥a∥ℓ,ε
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

+ ∥bℓ,ε∥
Ḃ

d
p
p,1

∥a∥h,ε
Ḃs

2,1

+ ∥bℓ,ε∥
Ḃ

d
p
p,1

∥a∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.

Symmetrically, for aℓ,ε∇bℓ,ε, we obtain

∥∇bℓ,ε aℓ,ε∥h,ε
Ḃs−1

2,1

≲ ∥b∥ℓ,ε
Ḃ

d
p
p,1

∥a∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

+ ∥aℓ,ε∥
Ḃ

d
p
p,1

∥b∥h,ε
Ḃs

2,1

+ ∥aℓ,ε∥
Ḃ

d
p
p,1

∥b∥ℓ,ε
Ḃ

s+ d
p
− d

2
p,1

.

Gathering the above estimates yields (294). To prove (295) and (296), we modify (298) and (299) by

∥T ′
ba

h,ε∥Ḃs
2,1

≲ ∥b∥Ḃ−1
∞,∞

∥a∥h,ε
Ḃs+1

2,1

,(300)

∥Tab
h,ε∥Ḃs

2,1
≲ ∥a∥Ḃ−1

∞,∞
∥b∥h,ε

Ḃs+1
2,1

.(301)

Then, using B
d
p−1

p,1 ↪→ B−1
∞,∞ concludes the proof of (295). To prove (297), we decompose ab as

ab = Tab
m,ε + T ′

Ḃm,εa+ abℓ + abh,ε.(302)

Using standard product law yields

∥abh,ε + abℓ∥h
Ḃ

d
2
2,1

≲ ∥a∥
Ḃ

d
p
p,1

∥(bh,ε, bℓ)∥
Ḃ

d
2
−1

2,1

.(303)

Employing (79), we have

∥T ′
Ḃm,εa∥h

Ḃ
d
2
2,1

≲ ∥bm,ε∥
Ḃ

d
p
p,1

∥a∥
Ḃ

d
p
p,1

.(304)
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For Tab
m,ε, we perform a more refined analysis. We have

∆̇j(Tab
m,ε) = ∆̇j

∑
j′∈Z

Sj′−1a∆̇j′b
m,ε

(305)

=
∑

j′,|j−j′|≤1

Sj′−1a∆̇j′∆̇jb
m,ε +

∑
j′,|j−j′|≤4

[∆̇j , Sj′−1a]∆̇j′b
m,ε.

When j′ ≥ Jε, the first and second terms can be treated as (303). When j′ ≤ J1 and J ≥ J1, we have

2js∥[∆̇j , Sj′−1a]∆̇j′b
m,ε∥L2 ≤ 2−Jε2j(s+1)∥[∆̇j , Sj′−1a]∆̇j′b

m,ε∥L2(306)

≲ ε∥∇Sj′−1a∥Lp∗2js∥∆̇j′b
m,ε∥Lp ,

where we have used a Young-like inequality as in [62]. Therefore, for j′ ≤ Jε and s = d
2 , we have∑

j≥Jε

∑
j′,|j−j′|≤4

2j(
d
2 )∥[∆̇j , Sj′−1a]∆̇j′b

m,ε∥L2 ≲ ε∥∇a∥ℓ,ε
Ḃ

d
p
− d

p∗
p,1

∥bm,ε∥
Ḃ

d
2
p,1

(307)

≲ εε
d
p∗ −1∥a∥ℓ,ε

Ḃ
d
p
p,1

∥bm,ε∥
Ḃ

d
2
p,1

≲ ε
d
p∗ ∥a∥ℓ,ε

Ḃ
d
p
p,1

ε
d
p−

d
2 ∥b∥m,ε

Ḃ
d
p
p,1

,

since d
p + d

p∗ = d
2 . The proof of Proposition B.1 is concluded. □

We now state low-frequency product laws.

Proposition B.2 (Low-frequency product law). We have

∥fg∥ℓ
Ḃ

d
2
−2

2,1

≤ ∥f∥
Ḃ

d
p
−1

p,1

∥g∥
Ḃ

d
p
−1

p,1

.(308)

∥fg∥ℓ
Ḃ

d
2
−2

2,1

≤ ∥f∥
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
p,1

+ ∥f∥ℓ
Ḃ

d
2
2,1

∥g∥
Ḃ

d
p
−2

p,1

+ ∥f∥h
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
−1

p,1

.(309)

∥fg∥ℓ
Ḃ

d
2
−2

2,1

≤ ∥f∥
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
p,1

+ ∥f∥ℓ
Ḃ

d
2
−1

2,1

∥g∥
Ḃ

d
p
−1

p,1

+ ∥f∥h
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
−1

p,1

.(310)

∥fg∥ℓ
Ḃ

d
2
−1

2,1

≤ ∥f∥
Ḃ

d
p
−1

p,1

∥g∥
Ḃ

d
p
p,1

+ ∥f∥ℓ
Ḃ

d
2
−1

2,1

∥g∥
Ḃ

d
p
p,1

+ ∥f∥h
Ḃ

d
p
−1

p,1

∥g∥
Ḃ

d
p
−1

p,1

.(311)

Proof. Estimate (308) is classical. To prove estimate (309) and (310), we use Bony’s paraproduct
decomposition to rewrite fg as

(312) fg = Tfv
ε +R(f, g) + Tgf

ℓ + Tgf
h.

Using that R and T map Ḃ
d
p−2

p,1 × Ḃ
d
p

p,1 to Ḃ
d
2−2
2,1 , if p < d and d ≥ 3, we have

∥Tfg∥ℓ
Ḃ

d
2
−2

2,1

≲ ∥f∥
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
p,1

and ∥R(f, g)∥ℓ
Ḃ

d
2
−2

2,1

≲ ∥f∥
Ḃ

d
p
−1

p,1

∥g∥
Ḃ

d
p
−1

p,1

.

Similarly, and with the fact that T maps Ḃ
d
p−1

p,1 × Ḃ
d
p−1

p,1 to Ḃ
d
2−2
2,1 , we have

∥Tgf
ℓ∥ℓ

Ḃ
d
2
−2

2,1

≲ ∥g∥
Ḃ

d
p
−2

p,1

∥f∥ℓ
Ḃ

d
p
p,1

and ∥Tgf
ℓ∥ℓ

Ḃ
d
2
−2

2,1

≲ ∥g∥
Ḃ

d
p
−1

p,1

∥f∥ℓ
Ḃ

d
p
−1

p,1

.(313)

In order to handle the term with Tgf
h, we observe that owing to the spectral cut-off, there exists a

universal integer N0 such that(
Tgf

h
)ℓ

= ṠJ0+1

( ∑
|j−J0|≤N0

Ṡj−1g∆̇j∇qh
)
.
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Hence ∥Tgf
h∥ℓ

Ḃ
d
2
−2

2,1

≈ 2J0(
d
2−2)

∑
|j−J0|≤N0

∥Ṡj−1g∆̇jf
h∥L2 . Then, if 2 ≤ p ≤ min(d, d∗), for |j − J0| ≤

N0, we have

2J0(
d
2−2)∥Ṡj−1g∆̇jf∥L2 ≲ ∥Ṡj−1g∥Ld

(
2j(

d
d∗ −2)∥∆̇jf

h∥Ld∗

)
≲ ∥g∥Ḃ0

d,1
∥fh∥

Ḃ
d
d∗−2

d∗,∞

≲ ∥g∥
Ḃ

d
p
−1

p,1

∥fh∥
Ḃ

d
p
−2

p,1

,

where we have used the embeddings Ḃ
d
p−1

p,1 ↪→ Ḃ0
d,1 ↪→ Ld and Ḃ

d
p−2

p,1 ↪→ Ḃ
d
p−2
p,∞ ↪→ Ḃ

d
d∗−2

d∗,∞ . If d ≤ p ≤ 4,
then it holds that

2J0(
d
2−2)∥Ṡj−1g∆̇jf

h∥L2 ≲
(
2j

d
4 ∥Ṡj−1g∥L4

)(
2j(

d
4−2)∥∆̇jf

h∥L4

)
≲ 2J0

(
2j(

d
p−1)∥Ṡj−1g∥Lp

)(
2j(

d
p−2)∥fh∥Lp

)
≲ ∥g∥

Ḃ
d
p
−1

p,1

∥fh∥
Ḃ

d
p
−2

p,1

.

Hence, we deduce that

(314) ∥Tgf
h∥ℓ

Ḃ
d
2
−2

2,1

≲ ∥fh∥
Ḃ

d
p
−2

p,1

∥g∥
Ḃ

d
p
−1

p,1

,

which concludes the proof of (309) and (310). Proving (311) follows the same lines replacing d/p− 2 by
d/p− 1. □

Then, we state a hybrid composition estimate from [64].

Proposition B.3 ([64]). Let f(u) be a smooth function satisfying f(0) = 0. If uh,ε ∈ Bs
2,1 and

uℓ,ε ∈ B
d
p

p,1 for s > 1 and s ≥ d
2 , 2 ≤ p ≤ 4 if d = 1 and 2 ≤ p ≤ min{4, 2d

d−2} if d ≥ 2, then we have
f(u)h,ε ∈ Bs

2,1 and there is a positive constant C independent of ε such that

∥f(u)∥h,ε
Ḃs

2,1

≤ C

(
1 + ∥u∥ℓ,ε

Ḃ
d
p
p,1

+ 2(
d
2−s)Jε∥u∥h,ε

Ḃ
d
2
2,1

)(
∥u∥ℓ,ε

Ḃ
s+ d

p
− d

2
p,1

+ ∥u∥h,ε
Ḃs

2,1

)
.(315)

Finally, we state a composition estimate that was proved in [19].

Lemma B.3 ([19]). Let p ∈ [2, 4] and s > 0. Define p∗ ≜ 2p/(p− 2). For j ∈ Z, denote

I1 ≜
∫
Rd

∆̇j(w · ∇z)zj .

There exists a constant C depending only on s, p, d, such that(
2jsI1

)
≤ Ccj∥zj∥L2

(
∥∇w∥

B
d
p
p,1

∥z∥h,εBs
2,1

+ ∥z∥ℓ,ε
B

d
p
p,1

∥w∥ℓ,ε
Ḃs

p,1

+ ∥z∥
Ḃ

d
p
p,1

∥w∥hBs
2,1

+ ∥z∥ℓ,ε
Ḃ

d
p
p,1

∥w∥ℓ,ε
B

d
p
p,1

)
,

where (cj)j≥Jε
is a sequence such that

∑
j≥Jε

cj = 1 and we recall that

∥f∥ℓ,ε
Ḃs

p,1

= ∥f∥ℓḂs
p,1

+ ∥f∥m,ε

Ḃs
p,1

.
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