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ABSTRACT. We investigate the three-dimensional compressible Euler-Maxwell system, a model for sim-
ulating the transport of electrons interacting with propagating electromagnetic waves in semiconductor
devices. First, we show the global well-posedness of classical solutions being a sharp small perturbation
of constant equilibrium in a critical regularity setting, uniformly with respect to the relaxation param-
eter € > 0. Then, for all times ¢t > 0, we derive quantitative error estimates at the rate O(e) between
the rescaled Euler-Maxwell system and the limit drift-diffusion model. To the best of our knowledge,
this work provides the first global-in-time strong convergence for the relaxation procedure in the case of
ill-prepared data.

In order to prove our results, we develop a new characterization of the dissipation structure for the
linearized Euler-Maxwell system with respect to the relaxation parameter €. This is done by partitioning
the frequency space into three distinct regimes: low, medium and high frequencies, each associated with
a different behaviour of the solution. Then, in each regime, the use of efficient unknowns and Lyapunov
functionals based on the hypocoercivity theory leads to uniform a priori estimates.

1. INTRODUCTION

The Euler-Maxwell system for plasma physics is widely used to simulate phenomena such as photocon-
ductive switches, electro-optics, semiconductor lasers, high-speed computers, etc. In these applications,
the transported electrons interact with electromagnetic waves and the model takes the form of Euler
equations for the conservation laws of mass density, current density and energy density for electrons,
coupled to Maxwell’s equations for self-consistent electromagnetic fields (see [5,6,48] for more explana-
tions). In this paper, we shed new light on such interactions between classical fluid mechanics laws and
electrical and magnetic forces to establish long-time existence and relaxation limit results. To achieve
this, we propose a new approach based on the natural hypocoercive properties of the system arising from
these interactions.

We consider the isentropic Euler-Maxwell system in R3 which, for (¢,z) € [0, +00) x R3, reads

Op + div (pu) =0,

Ou(pu) + div (pu @ u) + VP(p) = ~p(E +u x B) ~ L pu,
OF —V x B = pu,

0:B+V x E=0,

(1.1)

with the constraints
(1.2) divE=p—p and divB =0.

Here p = p(t,z) > 0 and u = u(t,x) € R3 are, respectively, the density and the velocity of electrons,
E = E(t,z) € R? denotes the electric field, and B = B(t,z) € R3 is the magnetic field. In the momentum
equation in (1.1),, the term p(E + u x B) stands for the Lorentz force, pu is a damping term associated
with friction forces and & > 0 is a relaxation parameter. The pressure P(p) is assumed to be a smooth
function of the density fulfilling P’(p) > 0 for p > 0 a constant density of charged background ions. We
are concerned with (1.1)-(1.2) for the initial data

(13) (p,u,E,B)(O,I) = (p07u07E0aB0)(x)7 IGR?’a
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and focus on solutions that are close to some constant state (p,0,0, B) at infinity, where B € R3 is a
constant vector. Note that the constraint condition (1.2) remains true for every ¢ > 0 if it holds at time
t=0:
(14) diVEO = ﬁ — PO, diVBQ =0.

One of the main interests of the present paper is to justify the relaxation limit of solutions to (1.1) as
¢ — 0 in a diffusive scaling. To this end, we perform the O(1/¢) change of time scale:

(15) (p°,u®, E°, B%)(t,z) := (p, §U7E7B)(£’I)'

The new variables satisfy

Op® + div (p°u®) = 0,

20y (p°u®) + £2div (p°u @ u®) + VP(p°) = —p°(E° + eu x B°) — puf,
g0 B° —V x B® = ¢puf,

1.6
(16) €0yB* +V x E* =0,
divE® = p—p°,
div B =0,
with the initial data
1
(1.7) (p%,u®, E°, B%)(0,2) = (po, guo,Eo,BO)(x), z e R3.

Formally, as € — 0, (p°,u®, E¢, B®) converges to (p*,u*, E*, B*) solving
Oep* + div (p*u*) =0,

prut = =VP(p*) - p"E",

V x B* =0,

V x E* =0,

divE* =p—p",

divB* = 0.

Clearly, since

VxB*=0 and divB* =0,
we may take B* = B. Moreover, due to V x E* = 0, there exists a potential function ¢* such that
E* =V¢* = V(=A)"Y(p* —p). Thus, (1.8) reformulates as the drift-diffusion model for semiconductors:

19) {&p* - %P(p*) —div (p*V¢*) =0,
A¢p* =p—p".

The velocity field u* satisfies the Darcy’s law:

(1.10) u' = =V(h(p*) + ¢7),

where the enthalpy h(p) is defined by
p p!
(1.11) h(p) = / () 4.
5

S

1.1. Existing literature. So far there are several results concerning the global existence, large-time
behaviour and asymptotic limit for the isentropic Euler-Maxwell system (1.1). In one dimension, using
a Godunov scheme with fractional steps and the compensated compactness theory, Chen, Jerome and
Wang [6] constructed global weak solutions to the initial boundary value problem for arbitrarily large
initial data. In the multidimensional case, the question of global weak solutions is quite open and mainly
smooth solutions have been studied. Jerome [25] established the local well-posedness of smooth solutions
to the Cauchy problem (1.1)-(1.3) in the framework of Sobolev spaces H*(R%) with s > 2 according to
the standard theory for symmetrizable hyperbolic systems. The existence of global smooth solutions near
constant equilibrium states has been obtained independently by Peng, Wang & Gu [45], Duan [16] and
Xu [56]. Xu employed the theory of Besov spaces and established the global existence of classical solutions
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in B®+ with the critical regularity index s, = % and analyzed the singular limits, such as the relaxation
limit and the non-relativistic limit. Ueda, Wang and Kawashima [50] pointed out that the system (1.1)
was of regularity-loss type and time-decay estimates were derived in [16,52]. Concerning the relaxation
from (1.6) to (1.9), Hajjej and Peng [22] carried out an asymptotic expansion and obtained convergence
rates for the relaxation procedure in the case of local-in-time solutions for both well-prepared data and ill-
prepared data. Recently, Li, Peng and Zhao [33] studied the relaxation limit for global smooth solutions
in periodic domains and obtained error estimates of smooth periodic solutions between (1.6) and (1.9) by
stream function techniques and Poincaré inequality. Concerning the stability of steady-states, we refer to
those works [35,42,44]. Let us also mention [17,43,62] pertaining to the global well-posedness of two-fluid
Euler-Maxwell equations near constant states.

In order to investigate the large-time behaviour of solutions to the system (1.1), as observed by
Duan [16], Ueda, Wang and Kawashima [50,52], one must rely on a non-symmetric dissipation mechanism
due to the coupled electric and magnetic fields, which leads to the regularity loss phenomenon. More
precisely, let Uy, be the solution to the linearized system of (1.1) around (p, 0,0, B) with e = 1. As shown

in [52], the Fourier transform UL satisfies the following pointwise estimate:

—~ I [ L
(1.12) UL(t,6)[2 S e Trem?!|U(0,6) [,

for all t > 0, ¢ € R? and some constant ¢ > 0. The solution U, decays like the heat kernel at low
frequencies and, for the high-frequency part, it decays at the price of additional regularity assumption
on the initial data. Later, Ueda, Duan and Kawashima [51] formulated a new structural condition to
analyze the weak dissipative mechanism for general hyperbolic systems with non-symmetric relaxation
(including the Euler-Maxwell system (1.1)). Xu, Mori and Kawashima [60] developed a general time-
decay inequality of LP-L9-L" type, which allows to get the minimal regularity for the decay estimate of
L'-L? type. Recently, Mori [41] presented a kind of S-K mixed criterion that is applicable also to weakly
dissipative models including the Timoshenko—Cattaneo system.

In the absence of damping term in (1.1), using the “space-time resonance method”, Germain-Masmoudi
[19] proved the global existence and scattering at the rate t—1/2. Subsequently, nontrivial global solutions
being small irrotational perturbations of constant solutions of the full two-fluid system were constructed
by Guo-Ionescu-Pausader [21]. In the 2D case, there is one critical new difficulty, namely the slow decay
of solutions. Deng-Ionescu-Pausader [15] proved the global stability of a constant neutral background
by using a combination of improved energy estimates in the Fourier space and an L? bound on the
oscillatory integral operator. The global regularity results described above are restricted to the case of
solution with trivial vorticity. Ionescu and Lie [24] initiated the study of long-term regularity of solutions
with nontrivial vorticity and proved that sufficiently small solutions extended smoothly on a time of
existence that depends only on the size of the vorticity.

In the manuscript, we are interested in the dissipative mechanism arising from the non-symmetric
relaxation and their interactions with respect to the relaxation parameter ¢ for the Euler-Maxwell system
(1.1). Before stating the paper’s findings, we recall recent efforts devoted to studying partially dissipative
hyperbolic systems with symmetric relaxation of the type:

d
(1.13) v + ZAJ’(V)SX _ HS/)7

where the unknown V' = V(¢,z) is a N-vector valued function depending on the time variable ¢ € R
and on the space variable z € R%(d > 1). The A7(V) (j = 1,..,d) and H are given smooth functions on
Oy € RY (the state space).

Note that in the absence of source term H(V'), (1.13) reduces to a system of conservation laws.
In that case, it is well-known that classical solutions may develop singularities (e.g., shock waves) in
finite time, even if initial data are sufficiently smooth and small (see Dafermos [13] and Lax [30]). The
system (1.13) with relaxation effect is of interest in numerous physical situations, including gas flow near
thermo-equilibrium, kinetic theory with small mean free path and viscoelasticity with vanishing memory
(cf. [4,53,55]). It also arises in the numerical simulation of conservation laws (see [26]). A typical example
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is the following isentropic compressible Euler equations with damping:

Op + div (pu) = 0,

(1.14) 1
O(pu) + div (pu @ u) + VP(p) + _pu= 0.

In the case e = 1, a natural question arises: what conditions can be imposed on H (V') so it prevents the
finite-time blowup of classical solutions? Chen, Levermore and Liu [7] first formulated a notion of the
entropy for (1.13), which was a natural extension of the classical one due to Godunov [20], Friedrichs
and Lax [18] for conservation laws. However, their dissipative entropy condition is not sufficient to
develop a global existence theory for (1.13). Later, imposing a technical requirement on the entropy,
Yong [63] proved the global existence of classical solutions in a neighbourhood of constant equilibrium
V € RY satisfying H(V) = 0 under the Shizuta-Kawashima condition [49]. We also mention that
Hanouzet and Natalini [23] obtained a similar global existence result for the one-dimensional problem
before the work [63]. Subsequently, Kawashima and Yong [29] removed the technical requirement on the
dissipative entropy used in [23,63] and gave a perfect definition of the entropy notion, which leads to
the global existence in regular Sobolev spaces. Then, Bianchini, Hanouzet and Natalini [3] showed that

smooth solutions approach the constant equilibrium state V in the LP-norm at the rate O(t_%(l_%)),
as t — oo, for p € [min{d, 2}, co], by using the Duhamel principle and a detailed analysis of the Green
kernel estimates for the linearized problem.

Recently, Beauchard and Zuazua [2] framed the global-in-time existence theory in the spirit of Villani’s
hypocoercivity [54] and established the equivalence of the Shizuta-Kawashima condition and the Kalman
rank condition from control theory. Then, Kawashima and the fourth author in [57-59] extended the prior
works to the larger setting of critical non-homogeneous Besov spaces B*+. Note that the mathematical
theory of Kato [28] and Majda [37] for quasilinear hyperbolic systems is invalid in H**. In recent works,
the first author and Danchin [9-11] employed hybrid Besov norms with different regularity exponents
in low and high frequencies, which allows to pinpoint optimal smallness conditions for the global well-
posedness of the Cauchy problem of (1.13) and to get more accurate information on the qualitative and
quantitative properties of the constructed solutions. Regarding the relaxation limit as € — 0 in systems of
the type (1.13), the first justification is due to Marcati, Milani and Secchi [39] in a one-dimensional setting.
The limiting procedure was carried out by using the theory of compensated compactness. Then, Liu [36]
proved, using the approach based on the theory of nonlinear waves, the relaxation to parabolic equations
for genuinely nonlinear hyperbolic systems. Marcati and Milani [38] considered the time rescaling (1.5)
for the one-dimensional compressible Euler flow (1.14) and derived Darcy’s law in the limit e — 0,
which is analogous to the one derived in [39]. Later, Marcati and Rubino [40] developed a complete
hyperbolic to parabolic relaxation theory for 2 x 2 genuinely nonlinear hyperbolic balance laws. Junca
and Rascle [27] established the relaxation convergence from the isothermal equation (1.14) to the heat
equation for arbitrarily large initial data in BV (R) that are bounded away from vacuum.

As for (1.13) in several dimensions, Coulombel, Goudon and Lin [8,34] employed the classical energy
approach and constructed uniform-in-e smooth solutions to the isothermal Euler equations (1.14) and
then they justified the weak relaxation limit in the Sobolev spaces H*(R?)(s > 14+d/2, s € Z). The fourth
author and Wang [61] improved their works to the setting of critical Besov space B%+1. More precisely,
it is shown that the density converges towards the solution of the porous medium equation, as ¢ — 0.
Peng and Wasiolek [46] proposed structural stability conditions and constructed an approximate solution
using a formal asymptotic expansion with initial layer corrections. It allowed to establish the uniform
local existence with respect to £ and the convergence of (1.13) to parabolic-type equations as € — 0.
Subsequently, under the Shizuta—Kawashima stability condition, they [47] established the uniform global
existence and the global-in-time convergence from (1.13) to second-order nonlinear parabolic systems by
using Aubin-Lions compactness arguments. In the spirit of the stream function approach of [27], Li, Peng
and Zhao [32] obtained explicit convergence rates for this relaxation process for d = 1. Recently, the
first author and Danchin [11,14] observed that the partially dissipative hyperbolic system (1.13) can be
decomposed into a parabolic part and a damped part in the frequency region || < e™! and justified the
strong relaxation limit of diffusively rescaled solutions of (1.13) globally in time in homogeneous critical
Besov spaces with the explicit convergence rate.
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However, the parabolic relaxation theory developed in [11,14] is only applicable to (1.13) with sym-
metric relaxation matrices, where the Shizuta-Kawashima condition is well satisfied. In the present
manuscript, we analyze the compressible Euler-Maxwell system (1.6) and develop the corresponding
theory for hyperbolic systems with non-symmetric relaxation.

1.2. A first look at our strategy. First, we characterize the dissipation structures of the system (1.6)
with respect to e. We denote by UL . = (p — p,eu, E, B — B) the solution to the linearization (3.4) of
(1.6). In Proposition 3.1, it is shown that

colé]?
(L+e2[EP) (L + [€?)
Compared to (1.12), the pointwise estimate (1.15) allows us to keep track of the parameter e. Conse-

quently, the spectral behaviour of the solutions depending on the frequency-regions can be depicted as
follows:

(1.15) Upe(t, )P X UDUL (0,6 where  A(J€]) == -

A(€]) ~ —col€]?, for [£] < 1 (the low-frequency region);
Ae(€]) ~ —co,  for 1 S|¢| S 1/e (the medium-frequency region);
Ae(|€]) ~ _52’6\7%\27 for || = 1/e (the high-frequency region).

That is, the solutions behave like the heat kernel in low frequencies, undergo a damping effect in the
medium frequencies and, in high frequencies, a loss of regularity occurs. The precise behaviour of each
component is drawn in Table 1, see also (3.5).

<1 [1<gf<S] [g=>¢
p° —p | Damped Heat Damped
us Damped Damped Damped

E* Damped Damped Regularity-loss
B*-B Heat Damped | Regularity-loss

TABLE 1. Behaviours of each component of the Euler-Maxwell system (3.4).

The above spectral analysis suggests us to split the frequency space into three regimes: low, medium
and high frequencies. This contrasts with [11,14], where only two frequency regimes employed. Moreover,
due to the different behaviour observed in each regime, one must develop different hypocoercivity methods
in each regime to recover the expected dissipation properties stated in Table 1. We design a functional
framework allowing us to obtain uniform estimates with respect to €. The framework we employ is
depicted in Figure 1.

Low Medium High
| frequencies | frequencies \ frequencies
| 1 1 >
0 B 1 Bt ¢ pr

FIGURE 1. Frequency splitting for the Euler-Maxwell system (3.2).

As ¢ — 0, we observe that the high-frequency regime disappears and the medium-frequency regime
becomes the new high-frequency regime, see Figure 2. This is coherent as the density p° in the low and
medium frequencies behaves like the solution p* of the limit drift-diffusion system (1.9) (cf. Figure 2).

Low High
| frequencies | frequencies
I | >
0 B 1 B €]

FIGURE 2. Frequency splitting for the drift-diffusion model (1.9).
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Moreover, such a functional setting allows us to derive quantitative error estimates of solutions between
(1.6) and (1.9). A key ingredient is the introduction of a new unknown: the effective velocity

(1.16) 2 = uf + Vh(p?) + E° +eu x B,

which is associated with Darcy’s law (1.10). The unknown 2° satisfies stronger dissipative properties
compared to the other components and exhibits a O(g)-bound. This is crucial to establish a global-in-
time strong relaxation result in the whole space and derive the sharp convergence rate €.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Notations. Before stating our main results, we explain the notations and definitions employed
throughout the paper. C' > 0 denotes a constant independent of ¢ and time, f < g (resp. f = g)
means f < Cg (resp. f > Cg), and f ~ g stands for f < g and f 2 ¢g. For any Banach space X
and functions f,g € X, ||(f,9)llx = |Ifllx + llgllx. For any T > 0 and 1 < p < oo, we denote by
Le(0,T; X) the set of measurable functions g : [0,T] — X such that ¢ — ||g(t)||x is in L2(0,T) and write
|+ lzeorx) = Il - |2 (x)- F and F~1 stand for the Fourier transform and its inverse, respectively. In
addition, we define A% f := F~1(|¢|°Ff) for o € R.

Following the pre-analysis in Subsection 1.2, we introduce the threshold J. between medium and high
frequencies as

(2.1) Je = —[logy €] + 1,

such that 27¢ ~ 1/e. The Littlewood-Paley decomposition and homogeneous Besov spaces emerge as nat-
ural tools for decomposing the analysis of our system in each frequency regime. We define the frequency-
restricted Besov semi-norms corresponding to the three-regime decomposition:

allfe =D 2 ugllee, Null o= Y 2%llusllee and Jullf = D 27%|luylce,
i<0 ~1<G< . 21

where u; := Aju and Aj is the classical homogeneous Littlewood-Paley frequency-localization operator,

see [1, Chapter 2]. Analogously, we decompose u = u’ + u™ + u" as

0._ ) mo._ ) h._ .
u = g uj, u'™ = g u; and u":= E Uj.
j<—1 0<j<J.—1 J>J.

Note that using Young’s and Bernstein’s inequalities, we have

[ullge S Nulles Mu™lge S Tulfes Nu g S Nl
and for any s’ > 0, the following inequalities hold true
(2.9) {||U||%s S ooy [ullze S llullFesers
* _ ’ ’
lullEe S e llullf-or, lull. < ¥ lullfoy o

To justify the relaxation limit and analyse the drift-diffusion model (1.9), we also introduce the (inde-
pendent of €) hybrid Besov spaces

Brrti= {ue s fullones = 2P0 e + 3 2 ugllze < oo},
Jj<0 j=-1
which verify the following properties:
351’32 = le if s = S2,

Bsvs2 = BSi N B2 if 51 < s,

BSI’SZ = le + BSz if 51> s9.
Furthermore, we denote the Chemin-Lerner spaces L2(0, T} B;,T) by the function set in L2(0,T;S},)
endowed with the norm
> 27wyl e (Lry < oo, if 1 <p<oo,
JEL

2227 sup |ujllee < oo, if o= 0.
jez  te0,1)
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Using Minkowski’s inequality, we have
lullgy gy = lullpyss) and lullge g 2 llullpe s for o> 1.

2.2. Main results. To state our results, it is convenient to define the energy functional
2.3)  Ela,u, B H):=|/(a,eu, E, H)||L + l(a,eu, E, H)||Z +€||(a cu, B, H)||"

L (B2 L (B3 L (B3)
and the corresponding dissipation functional
D(a,u, E,H) = IICle@2 ,t ||u||£ ,t HEIIZ ,t ||H|| %
(24) +||a||L2(B2) ”“Hm +IEI, 45 +HHII "
h h h
Hlall, g, +elull, +”E“L2(B2 r HLZ(BQ

for t > 0. The initial energy is denoted as follows:
& == ll(po — p,uo, Eo, Bo — B)H%% + l(po — p,uo, Eo, Bo — B)Hg%

(2.5) ’ 5h
+¢ll(po — p, uo, Eo, By — B)HBg-

Our first result provides the global existence and uniqueness of classical solutions to (1.6)-(1.7), uni-
formly with respect to the relaxation parameter e.

Theorem 2.1. Let 0 < e < 1. There exists a constant ag independent of € such that if
(2.6) & < ao,

then the Cauchy problem (1.6)-(1.7) admits a unique global-in-time classical solution (p°,u®, E¢, B®)
fulfilling (p° — p,u¢, B¢, B* — B) € C(RT; B%*%). Moreover, the following uniform estimate holds:

(2.7) E(p° — p,us, E°, B° — B) + D(p° — p,u®, E°, B° — B) < C&¢,
for allt € Ry, where C' > 0 is a uniform constant independent of € and t.

Remark 2.1. As observed in Table 1, the non-symmetric relaxation term induces a one-regularity loss
phenomenon in the high-frequency regime. To deal with this difficulty, we partition the frequency space
into three distinct regimes associated with the different behaviour of the solution. In addition, Theorem
2.1 provides a larger regularity framework for the well-posedness of classical solutions of (1.6)-(1.7). This
can be observed in the following chain of Sobolev embeddings

g) < B3 < B33 s cln Wb,

The left space corresponds to the classical Sobolev theory, see for instance [16,45,50,52]. Compared to
the result in the inhomogeneous Besov space B %, see [56,62], the result of the present paper — B 35—
allows to assume less regularity on the low frequencies of the initial data, i.e. BY/2 rather than L2.

Hé(s >

Remark 2.2. Theorem 2.1 provides a sharp smallness condition (2.6) for the global existence of the Euler-
Maxwell system. Notice that we only assume the low and medium-frequency norms of initial data to be
small, the high-frequency norm, actually, can be arbitrarily large when & is suitably small. This comes
from the fact that as ¢ — 0, the high-frequency regime disappears and the medium-frequency regime
becomes the new high-frequency one. See Figure 2.

Next, we establish quantitative error estimates for ill-prepared initial data, which leads to the strong
relaxation limit from (1.6)-(1.7) to (1.9).

Theorem 2.2. Let 0 < ¢ < 1 and (p°,u, E°, B%) be the solution of (1.6)-(1.7) from Theorem 2.1. Let
p* be the solution of (1.9) associated to the initial datum p§ given by Theorem 4.1. Define the effective
velocity

2 = uf + Vh(p®) + E° +eu® x B
and its initial datum 1

25 = guo + Vh(po) + Eo +ug x B.
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Then, it holds that
(2.8) I ~ 25z, 53, < Ce tER,

. L .
where C > 0 is a constant independent of € and time, and 27 := e =% 2§ is the initial layer correction of
€

Let E* = V(—A)~Y(p* — p) associated with its initial datum E§ = V(—A)"(p — p) and set B* = B.
If we assume p§ — p € B2 and

z

(29) ||(,00—p6,E0—ES,B0—B)H >

1 <¢
B: —
then, for allt € Ry,

)

5 * . € _ % _ o€
£ * £ *
+IE - E ”'EgO(B%)me(B%) +1B° - Bz

(2.10)
= (B3)NL2(B33) < Cs,

_t . o ey .
where ug, = e <2 %uo 1s the initial layer correction of uf.

Remark 2.3. Theorem 2.2 is, to the best of our knowledge, the first result providing global-in-time
convergence rates of the compressible Euler-Maxwell system towards the drift-diffusion system in R3.
Thanks to the initial layer corrections z§ and u3 in (2.8) and (2.10), the strong convergence can hold for
general ill-prepared initial data.

2.3. Strategy to derive error estimates. We now explain the strategies for establishing error es-
timates of the relaxation limit from (1.6) to (1.9). Owur first step is the introduction of the effec-
tive velocity z° which reveals the convergence of u® + Vh(p®) + E° towards Darcy’s law (1.10). Let
(6p,0u, 0E,0B) := (p* — p*,u® — u*, B¢ — E*, B — B*) be the error unknowns. We observe that dp
satisfies

(2.11) D:6p — P'(p)Adp + pép = —pdiv 2° + epdiv (u x B) + nonlinear terms,

where the left-hand side of (2.11) presents a priori estimates of the linearized drift-diffusion system, and
the term epdiv (u® x B) give an O(e)-bound due to (2.7). Hence, one has to establish the decay-in-¢ of
the remainder term —pdiv 2. On the one hand, we find that 2z satisfies

1 1 _
Orz° + —2° — —2° x B = higher-order linear and nonlinear terms.
€ €

The above damping structure enables us to derive O(e)-bounds for z¢ (see Proposition 4.1) and thus to
control —pdivz¢. On the other hand, we reformulate the system of (§F,0B) in terms of the effective
velocity 2°:

1 _
OWOE — =V X 6B+ pdE — P'(p)VdiveE = V x BY* + p2° — epu x B + nonlinear terms,
g

(212) 4,68 + év ¥ 0E =0,

divdE = —dp, divéB =0,

with BL* = —(—=A)~'V x (p*u*). One can see that the dissipative structure of (2.12) share similarities
with that of the compressible Euler system with damping. Consequently, we derive qualitative estimates
for (6F,dB) by employing a hypocoercivity argument as in [2,11]. Nevertheless, there is an additional
difficulty arising from the term B*, which lacks the O(g)-bound in (2.12) in fact. To overcome it, we
employ the auziliary unknown
6B := 6B+ eB"*

which allows us to rewrite (2.12) in terms of (§8,5E) without the term V x BY* and establish desired
convergence estimates. See Subsection 4.2 for more details.

2.4. Outline of the paper. The rest of the paper unfolds as follows. In Section 3, we derive uniform a
priori estimates for (3.2) and prove the global well-posedness of the Cauchy problem (1.6)-(1.7) (Theorem
2.1). Section 4 is dedicated to the justification of the strong relaxation limit from (1.6)-(1.7) to (1.9)
(Theorem 2.2). Finally, technical lemmas that are used throughout the manuscript are presented in
Appendix A.
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3. GLOBAL WELL-POSEDNESS FOR THE EULER-MAXWELL SYSTEM

In this section, we focus on the proof of Theorem 2.1. We simplify the notations of unknowns by
omitting the superscript . Define

(3.1) n = h(p) — h(p), H:= B - B,

where h(p) is the enthalpy satisfying h'(p) = P’(p)/p. The system (1.6) for (t,z) € [0,00) x R3 can be
rewritten as

On + P'(p)divu = —u - Vn — G(n)divu,

20+ u-Vu) +Vn+E+u+ecux B=—cux H,

eE —V x H — epu = eF(n)u,

(3.2) e0:H+V x E=0,
divE = —-Kn — ®(n),
divH =0,

1
(n,u, E, H)(0,2) = (no, Z o, Eo, Ho)(z),

with
no = h(po) — h(p), Ho:= Bo — B,
P
(3.3) K :=p'(0)= ()

G(n):=P'(p) = P'(p),  Fn):=pn)—p,  ®(n):=pn)—p—Kn.

Note that ®(n) = O(|n|?) if n is uniformly bounded. For clarity, we split the proof into several subsections.

3.1. Pointwise estimates for the linearized Euler-Maxwell system. In order to get a priori es-
timates with optimal regularity, we first derive pointwise estimates for the following linearized Euler-
Maxwell system

On + P'(p)divu = 0,

20u+Vn+E+u+eux B=0,
(3.4) e —V x H—¢epu=0,

e0tH+V x E =0,

divE = —Kn, divH = 0.

In what follows, we employ a hypocoercivity argument and deduce uniform-in-¢ pointwise estimates for
(3.4), which provide us an insight into the evolution of the dissipation rates with respect to e.

Proposition 3.1. For 0 < e <1, let (n,u, E, H) be the solution to the system (3.4). Then there exists
a functional Le(t) ~ |(R, €U, E, H)(t,€)|? and a constant co = co(p, B, P'(p)) > 0 such that

d . co(1+1€1%)

7[: t 2 A A A 2
35 ap e+ ol e I
' Co 512 Co|f|2 7712

+ — |F* + H|* <0.
rreee N e a e S

Furthermore, we have
(3.6) (€@, B, H)(t,€))? S XD R, e, B, H)(0,6),  t>0, €eRY,

where A:(|€]) is given by

col€]?

M) = - T e a ey
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Proof. Applying the Fourier transform to (3.4) gives

on + P'(p)icu = 0,

20,0 +in+E+u+etux B=0,
(3.7) e E — it x H—epii =0,
58J§+i§ X E:O,

i€E = —Kn,  i€H =0,

where we recall that K = P’L(_) Performing the inner product of (3.7) with (7, P'(p)u, %E, %ﬁ)T and
p
taking the real part, we obtain
1d 1 ~ 1 -
3.8 ——(Jn]? + P'(p)e*[a]® + —|E|> + —|H[?) + P'(p)[a]* = 0.
(33) S (AP + P/l + o BP + | AP) + P =0

To capture dissipation for n, we have

d SN . . = _ .
—62%Re <@, ién > +|¢*A]? + Kn|* = Re < @ + €U x B,ién > +P'(p)e*[¢ - u?
(3.9)
1 N b
< SIEPRE + OO+l al.
Then, multiplying (3.9) by 14—57%5\2’ we obtain

~ d &®Re <1,ifn > |€I?
A A ()

3.10 N2+ ————=1n* < Clul*.
(3.10) AP + gl < Ol
Performing the inner scalar product of the second equation in (3.7) with E (associated with the skew-

symmetric part of the relaxation matrix), and then using the third equation in (3.7) implies that
d ~ ~ 1 ~
2 ~ 2 2
—R E E —|¢&-F
2 ORe <@, B> 4B + 1le- B
(3.11) = —Re < U+eux B, E>+eRe <if x H,u > +&2p|uf*
VI 1+ ¢

for n € (0,1) to be chosen later. In order to be consistent with the dissipation of w in (3.8), we multiply
both sides of (3.11) by m and obtain

1~ ~
< §|E|2+ |H|?

d e®Re <@, E > N 1 c NGl ap.

dt - 1+e?[¢]? 2(1 +€2[¢]?) Vi (1+e2€)?)(1+[€?)

To derive the dissipation of H, using |¢|2|H|? = |¢ x H|? due to £ - H = 0, it follows that
4

(3.13) i

(3.12) |E)? < — > +

Re < B, —i¢ x H> +|¢|H)? = |¢ x E|? — peRe < U, i¢ x H >

IN

1, 05 ~ _
SIEPIH + CleP B + Claf.

In view of the dissipation of E in (3.12), we have

igRe<E,—if><I?> €| |A|2
(3.14) dt (1+e2[E]2)(1+[€]2)  2(1 +e2[€2)(1 + [£]2)
. 2
< Cla)? + €] |E|2.

(1+e%[ElP)(1+[¢1%)
Then, we define the Lyapunov functional
1/ . 9~ 1, 5 1, ~
ce() 25 (2 + P'(@)al® + | B2 + A1)
2 K K
(3.15)

e2Re < U,ién >  e2Re<u,E > geRe<E,—z‘§xfI>
1+ T axeE TR+ Ep)
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It follows from (3.8), (3.10), (3.12) and (3.14) that

d (1 +1¢°)

I~ ~2 ~2
| Looh—L Bt o € fif?
+(2 n )7’1+52|£‘2|E| +1 (2 n )((1+€2|£|2)(1+|€|2)‘H| <O0.

Choosing a suitable small constant 7, we have L¢(t) ~ |(7, €, E, ﬁ)|2 and the inequality (3.5) is proved.
In particular, it holds that
d
(3.17) S Lel) +A(OLe(t) <0,
which leads to (3.6) by Gronwall’s inequality. O

3.2. Uniform a priori estimates and global well-posedness. In this section, our central task is
to derive uniform a priori estimates in the spirit of Proposition 3.1 and the work of Beauchard and
Zuazua [2]. This enables us to achieve the global existence of classical solutions to the Cauchy problem
(3.2). Denote

(3.18) X(@t):=EMn,u, E,H)+D(n,u, E, H)
for t >0 and 0 < ¢ <1, where £ and D are defined by (2.3) and (2.4).

Proposition 3.2. Assume that (n,u, E, H) is a classical solution to (3.2) on the time interval [0,T].
There exist positive constants &g and Cy independent of € such that for t € [0,T), if

(3.19) 7] Lo (o) < o,
then it holds that
(3.20) X(t) < Co (E§+ X(t)* + X(t)%),

where the initial energy norm &5 is given by (2.5).

The proof of the proposition 3.2 is a direct consequence of Lemmas 3.3-3.5, which are closely linked
with the dissipation analysis (on three distinct regimes) addressed in Section 1.2.

Lemma 3.3 (Low-frequency estimates). If (n,u, E, H) is a classical solution to (3.2) on the time interval
[0,T], then the following estimate holds:

(G2 Nonew BDIL oy + 100w B,y + VI, ) S 0, Bo, Ho)ly , + X(2
forte[0,T] and 0 < e < 1.

Proof. Applying the frequency-localization operator Aj to (3.2), we obtain

i + P'(p)divu; = —Aj(u-Vn) — Aj(G(n)divu),

e20u; + Vn; + Ej +uj +eu; x B=—Aj(e%u-Vu) — Aj(eu x H),

(3.22) e E; —V x Hj — epu; = Aj(eF(n)u),

€0 H; +V x E; =0,

divE; = —Kn; — A;®(n),  divH; = 0.

Taking the L?-inner product of (3.22), with n;, we have
1d
2 dt
To cancel the second term on the left-hand side of (3.23), we take the L?-inner product of (3.22), with
P’ (p)u; to get

/(5) 22
woy g ke PG [Vn e PG) [ Pde s Po) [ 5

< P'(p)|Aj(eu- Vu,u x H)|poelug |l 2,

(3.23) / Iny[2 da + P'(p) / divugn; dz < (A (u- V) ze + 1A (Gn)diva) | g2) nj]| -
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where the fact that (u; x B)-uj = (uj x uj) - B = 0 was used. In addition, it follows from (3.22),-(3.22),
that

P/(/S) d 2 s i
(3:25) 5 il (Bs Ho)l3a = P(9) [y By e < Lol Ag (Fnu) 221 By

where we have used
J@x )9 xg)-rdo= [div(fxgde=0.  ¥fgeSE)

Combining (3.23)-(3.25) together, we have

N =

(3.26) i V)2 + 14;(G(n )diVU)IILz)IInjHLz

d 1 1
G [l + PG + B + IR do+ Pp) [ fusf da
<( A

+POA; eu Vuux )llzaelfllze + 185 (F ()12 E; e

In order to obtain some dissipation rate for n;, we multiply (3.22), by Vn; and integrate the resulting
equality over R, Since div E; = —Kn; — A;®(n), we see that n; satisfies

/Ej -Vn,dx = —/diijnj dr = K|n;|32 + /A]@(n)nj dx.
Furthermore, with the help of the Cauchy-Schwarz inequality, we get
;lt uj - Vnjdz + / (IVn; > + K|n;|* — P'(p)e?|divu;|* + u; - Vn;) dx
(8:27) <el|Aj(eu- Vu,u x H)||r2 || Vngllze + | VA; (u- Vn, Gln)div )| oel|u; | 2
+1A;@(n) |2l 2

The nice “div-curl” construction of Maxwell’s equation in (3.2) enables us to get dissipation for (E, H).
Concerning F, it comes from the interaction between the symmetric and skew-symmetric part of the
zero-order dissipation matrix. Indeed, taking the inner product of (3.22), with E;, using (3.22),, (3.22),
and that n; = —+divE; — %A]@(n), we arrive at

52%/uj.Ej dx+/(\Ej|2+%|diij|2)dx
(3.28) —1—/ (uj - Ej+e(u; x B) - Ej —eu; - (V x Hj) — °plu;|*) d
< ellAg(eu Vu,u x )| Byllue + el Ay (F(n)u) | paellu .
+ A () div B o

On the other hand, taking the inner product of (3.22), with —V x H; and using (3.22),, we get the
dissipation for H:

d
—Ef/EJwVxdem+/(|VxHj|2+€ﬁuj-VxHj)d:L‘
dt
(3.29) _
< [19 % ByPda + |, (P2 |V x 1
Let m € (0,1). We denote by L, ; and Dy ; the low-frequency energy functional and dissipation functional:
1 _ 1 1
Lost):=s / (s + PPl P + | B2 + |y %) da

5
+52771/uj~andx+€2n1/uj-Ejdx—nfa/Ej.Vxdea?
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and
Dy ;(t) : = P'(p) / lui | +m / (IVn;|? + K|ng|* = P'(p)|divu;|> + u; - Vny) do
b (B + VB +us - B+ clus x B) - By = 2uy- (7 x Hy) = &5l 2) do
+771% /(|V x Hj|? —epu; -V x H; — |V x E;|?) dz
Combining (3.19) with (3.26)-(3.29), Bernstein’s inequality and j < Jy leads to

d
(3.30) 2 Lei) + Do) S IG5 22 11 (nj, euy, By, H)ll 22,

with
Gﬁ»(t) = |A;(u - Vn, G(n)divu, cu - Vu,u x H,eF(n)u, ®(n))]|| .

Hence, we claim that for € € (0, 1], there exists a suitable small constant 7; > 0 independent of £ such
that

Loi(t) ~ ||(n;,eu;, E;, H;)||2,
(3'31) {M() ||(J R ])”L

Dy j(t) 2 (ng, uz, )72 + 2% | Hy 7o

Indeed, it follows from supp (A ) C {327 <|¢| < 527} and 27 <1 that

1 8 11 1 11 1 8 s
Losl) 5 [ (4 gl + (P/()+ m)Pul? + (g + )| Bs + (5 + gnd ) IHP) de
1 8 11 1 11 1 8 =
Loslt) 2 5 [ (0= gl + (P/(5) = )Pl + (5 = gl BsP + (5 = gn)H?) de
Since div H; = 0, the div-curl lemma implies that
9
(3.32) IV Hjl 72 = IV Hj|IZ2 > 15221172

Furthermore, we have
_ 1 o 1
Dy ;(t) > P'(p) / \uj|2 dr +m / (§|an|2 dx + K|nj|2 — P’(p)|dlvuj|2 - 5\u1|2) dx

1 = _ 11
b [(GIBE =1+ B+ Lt pluf? = 0} 9 x ) o

2n;
2 1 5 P? 2 2
it [ (GIV X Hjl” = S lug” = |V < Ejf7) de

9
1 32 1 9
+ [ Gmea = Zublm + oonf 291, do

Taking 7, sufficiently small yields (3.31) immediately. Together, (3.30) and (3.31) yield

. 64P'(p _ p s
> [ (P ()= 2D~ P 4 Ky |?))da

(3.33) ﬁﬁﬁ( ) + 10, uj, BylIEs + 2% | Hjl 72 S Gj(6)4/L5(2)-

Applying Lemma A.7 to (3.33) and (3.31) leads to
1(ny, eu;, By, Hy)ll oo 22y + 105, ugs By g2 2y + 27 Hyll p2 2y

(3.34) !
S (g, eug, By, Hy)(O)| 22 + (1G5l L2 22y

Multiplying (3.34) by the factor 2(8=1J and summing over j < 0, we get

¢ ¢ ¢
10 ew By H) 5 g+ 100 B, g + IS, 48

< |[(no, uo, Fo, HO)”fg% + ||(w- Vn,G(n)divu, eu - Vu,eu X H,eF(n)u, <I>(n))||i1

2
(3.35) L5
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Before bounding the nonlinear terms on the right-hand side of (3.35), we claim that the standard Besov
norms of (n,u, E, B) can be bounded by X(t). Indeed, owing to (2.1) and (2.2), one has

Il S IS 3, + 0T, g, + el g

- Il sty S IS, )+ I g+ Iy
1Bl sty S IS, )+ 1B, )+ 1B,

1Bl 58, ||BHL2(B2) + HBIIL2 sty 1B 3

Then, it follows from (3.36) and the product law BZ < B3 x B= in (A.2) that

Gan)  ueVal g S Bl 190z s, S Tl gt ol s, S 202
Similarly, as 0 < € < 1, we get
(338) el Wl gy Ly ) S ol 0 B 1) S XG0

In accordance with the bound (3.19), the product law (A.2) and the composition estimate (A.4), it also
holds that

(3.39) NF@ly gy S IFOzs 3l gt S Il g Il ) S X0

Recall that ®(n) is quadratic with respect to n, so it follows from (3.19), Lemma A.6 and the embedding
B% < L[> that

14 < y4 m 2 h <
Ga0) 1RO,y S Il (0l gy + I, g+ Ml g ) S XQP
Inserting the above estimates (3.37) (3.40) into (3.35), we obtain (3.21). Hence, the proof of Lemma 3.3
is complete. O

Lemma 3.4 (Medium-frequency estimates). If (n,u, E, H) is a classical solution to (3.2) on the time
interval [0, T], then the following estimate holds:

341)  MNmew B HIZ, oy +InlZ, 45, + 1w B, H)IZ

B%) -5 L2(32 ~ H(nQ,UO7E0,HO)||g% + X(t)z

forte[0,T] and 0 < e <1.

Proof. As in the proof of Lemma 3.3, we construct a Lyapunov functional to capture the dissipation
effects for (n,u, F, H) in medium frequencies. Here, n behaves like heat kernel and the other components
are damped. In that case, one cannot treat Aj(G(n)div u) as a source term, since it will cause a loss of
one derivative with respect to u. To overcome the difficulty, we rewrite (3.22), as

(3.42) dmnj + (P'(p) + G(n))divu; = Ry j — Aj(u- Vn),
where the commutator is given by Ry ; := [G(n), A;]divu. Taking the inner product of (3.42) with nj,
we obtain
1d _ . A
(3.43) 5 g mille + /(P/(P) + Gn))divuyng de < (|Ru ez + [18;(uw - Va)|L2)|n; | 2.

In order to cancel the second term on the left-hand side of (3.43), we multiply (3.22), by (P'(p) +G(n))u;
and integrate the resulting equality over R®. Performing an integration by parts and using Cauchy-
Schwarz inequality implies that

%% (P'(5) + G(n)lu, | das — / (P'(5+ G(n))divuyn, da
G + [ (P10 + Gl + (P'(5) + Gy - w5) do
< %Hat (M)l 2o lluj 172 + VG ()| o lugll 22 1] 22

+ (P'(p) + 1G ()|l 2=) | Ay (eu - Yy u x H)|peelluy] 2.
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Combining (3.43)-(3.44) and (3.25), we arrive at
1d
2 di

+ [ ((P@) + Gl + G E; - wy) de

_ 1 1
(Ing|* + (P'(p) + G(n))|uy|* + L By |* + L |H;|*) d

(3.45) \
. 3
< (IR slle2 + 1A (w - Vn)l[z2)lIngll L2 + g\IBtG(n)IILoellug‘lliz T IVG ()l llujll 2 [In 22
_ . £ .
+ (PP + G| Ag (e - Vu,ux h) | pzellugllz + 2 18, (F(n)u)lle2 || £l 2

As (3.27), it follows from (3.22), and (3.42) that, for 7, € (0,1),

d
€2£ uj - Vnjdr + / (IVn;|? + K|nj|? — (P'(p + G(n))e?|divu; | + uj - Vn,) dx
< |Aj(eu- Vu,u x H)| 22|V L2 + el VA (u - Vi) 2ellugll 2 + e[ VRl L2elug ] 22

+18;@(n)l[ L2 [ln]l >

(3.46)

In view of (3.28)-(3.29) and (3.45)-(3.46), we denote

1 _ 1 1
Lns(®) =5 [ (msl+ (P0) + GO)Rlus P+ LIES + I H ) da

5 ,
+772€2/uj-andx+n2€2/uj-Ejdx—n2452_2]/Ej-V><dea:

Dons®): = [ ((P0) + Gl + Gn)Ey ;) d
+ 12 / (|an\2 + K|n;|* — (P'(p) + G(n))e?|divay,|* + u; - Vn;) dx
+ 1 / (|1E;)* + %|diij|2 +uj - Ej+e(uj x B) - E; —euj - (V x Hj) — e2plu;|?) do
+n§2*2ﬂ' /(|v x H;|? —epu; -V x Hj — |V x E;j|*)dz.

P'(p
Let §p < W('F’)I)lmo)' It follows from (3.19) that

(3.47) 5P () < P(5) + G(n) < SP'(7).

Furthermore, as (3.31), it is not difficult to check that

(3.48) {ﬁm,j(t) ~ ||(7_”Lj7€uja Ej, Hj)ll7,
Din,j(t) 2 2%\ + I (uy, By, Hy)ll7

for —1 < j < J., provided that we take the constant 72 (independent of £) small enough. Therefore,
together with (3.19), (3.28)-(3.29), (3.45)-(3.46) and (3.48), one can get the following localized Lyapunov
inequality:

(3.9 L) + 229 s + N By, Hp) s S G070,
with
G7'(t) = |Aj(u- Vn,eu- Vu,eF(n)u,eu x H,¥(n))| L2 + |0l oeellus| L2 + R 2
Then it follows from Lemma A.7 that
[(rj, euz, By, Hj)||poo(z2) + 2j||”j||L3(L2) + || (uy, Ej, Hy) | 222
S (ny, eug, By, Hy)(0)| 22 + 1G5 (|21 L2
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for —1 < j < J., which implies that

I ew B2 g+ B DI,

< H(no,uo,Eo,Hg)Hg% + (u-Vn,eu- Vu,u x H eF(n)u,®(n))||™ .

(3.50) L1(B?)

.
+ el 2, 5, + 30 2E Rl i
JEL
In what follows, we estimate the nonlinear terms on the right-hand side of (3.50). Similarly to (3.36), i
follows from (2.2) that

(351) cllulza s, S Nl s, + 1012, )+ Ml 5
Hence, by (3.36), (3.51) and (A.2), we have
(3.52) - Fn,zw Tl 1) S Nl s, (10l 3, + 2l p3,) S X0
Similarly,
By using (3.19), (3.36), (A.2) and (A.4) we get
(3.54) IFGul,y 58, S Nl Il ) S X0
In addition, employing the composition law in Lemma A.6 once again leads to
m S < 2
(3.55) [T, 3, S [0l 9, S X (O,

According to (3.2), (3.36), (3.51) and B2 < L it holds that
eldmlicz ey S ellullrge o) IVallzs oy + P+ 1G] L0 (2o Jelldiva] L2 Loe)

S I, + Ml s, S X

(3.56)

To bound the commutator term R4 ;, using (3.19), (A.3) and (A.4), we have

d; .
s LRl IOl lavulgy s, S Il g ol 1, € X0
je
Finally, substituting the above estimates (3.52)-(3.57) into (3.50), we arrive at (3.41). This completes
the proof of Lemma 3.4. ]

Lemma 3.5 (High-frequency estimates). If (n,u, E, H) is a classical solution to (3.2) on the time interval
[0,T], then the following estimate holds:

ell(n,eu, E H)Hh

R (GBI

+ (&, ]I

T2(8%)
< ell(no, uo, Bo, Ho)ll, 5 + X(8)* + X(1)°

(3.58) LHE)

forte[0,T] and 0 < e <1.

Proof. As emphasized before, a regularity-loss phenomenon for E' and H occurs in the high-frequency
regime. This is the main difference in comparison with recent efforts [11,14] concerning hyperbolic systems
with symmetric relaxation. To avoid the loss of one derivative arising from the nonlinear terms involving
the components (n,u), we shall introduce some commutators and rewrite (3.22) as

Onj +u-Vn; + (P'(p) + G(n))divu; = Ri; + Ray,

e20uj + - Vu,; + Vn, + Ej + uj + euj x B= —eAj(ux H) — 2R3,
(3.59) e, E; —V x Hj — peuj = eAj(F(n)u),

eOH; +V x E; =0,

divE; = —Kn; — A;j®(n),  divH; =0
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with
Ri, = [G(n),Aj]divu, Raj=[u,Aj]Va and Rs;:=[u,A;]Vn
Similarly to (3.44)-(3.45), through a direct computation, we are able to get

1d
2dt
+/ G(n))|uj* + G(n )Ej-uj+sG(n)(uj x B) - u;) dx

(insl? + (P/(2) + G g+ o B3 + | H[?) de

(3.60) < (P'(p) + G (m)ll = )ell Aj(u x H)l| 2 lluy]l 2 + EIIA (F(n)u)ll L2l E;l| 2

+ §||diVUHL°°||njH%2 + *(P’(ﬁ) + IIG(n)IILw)IIdiVUIleQIIuj||2Lz~

H IV G ()| oo lull o €l 132 + 5 Hat ()| o< [l 172
+ (P'(p) + ||G(n)\|L°c)||(R17jaR2,jaERBJ)HL?||(nj’5uj)HL2~
In order to get the dissipation for n;, we perform the following cross estimate
5 d
20 [y Tngdo+ [ (O + Klnf? = (Pp + Glu)eidiv f? + g - Vi) o
.61 A
(3.61) < 222 full o [ Vs 22 [ 95 2 + 1A (u x H) 12 Vg1
F [R5y Ra 5 eRa )l L2V (euy, my) | o
Let n3 € (0,1). With aid of (3.28)-(3.29) and (3.60)-(3.61), we denote

Lns(®)i =5 [ (nsl+ (P'@) + Gl + LIS + ium?) dr
+n32*2j/uj-vnjdx+n32*2j/ -Ejdr —ni - 4J/E -V x Hj dx,
and
Dyj(t) : = / ((P"(p) + G(n))|uj|? + G(n)Ej - uj + G(n)(u; x B) - u;) da
+ 773%22_23' / (IVn;|? + K|n;|* — (P'(p + G(n))e?|divu;|* + u; - Vn;) dx
+n3€i22—2j / (B2 + %diij\? oy By te(uy x B) - By — euy - (V % Hy) — 2phy|?) de
+7733€i22—4j /(|V x H;|* —epu; -V x Hj — |V x Ej|*)dx

for j > J. — 1. Recalling (3.47) and the fact that 277 < ¢, one can verify that

Lh,j(t) ~ ||(ng, euy, Ej, Hy) |7z,
(3.62) > 1 2 2 [y 2
D) 2 llngllze + llullze + 5277 I(E;, Hy)llze,

if n3 is chosen to be small enough. With the help of (3.28)-(3.29), (3.47), (3.60)-(3.62), we obtain for
j S Je - ]-7

1 1 5
*ﬁ?( )+ lingllze + lusllze + 5272 (5, Hy)|2-
(3.63) di g =
S G0 Lh ) + G () (lugl 2 + g||nj||%2),
where )
Gl (8) = = A (eF(n)u, ®(n))||z2 + ([dival e + [|0n L) (5, eus)| 2
+ (L + el Vallpe)lullzee lujllzz + [R5, Ra,j,eRa5)ll L2,
Gy (t) : = e Aj(u x B)| 2.
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Furthermore, it follows from Lemma A.7 and (3.63) that
ell(ny, euy, By, Hj)llpse 2y + Inll 22y + ellugll 2 2y + 277 1(Ej, Hy) 22 (22

(3.64) B y h
S ell(ng, ug, By, Hy)(O)| 22 + ellGY il 2y + el G2l 22y

Multiplying (3.64) by 2751 and summing the resulting inequality over j > J. — 1, we get

ell(n, eu, B, H) |12 + % 6IIUIlﬁ2 , I, H)|

L= (B3) L2(B5)
< ell(no, uo, Bo, Ho)|ll 5 + ell(F(n)u, 2(n))||

L2(B%)

Ll(Bz
(3.65) Felldivall sz iz + 10enllz o)) (s ew)lig, 45,
(el Valg )l amelul, 45
te D0 2F (R Ra, Rag)lluiun + <l x HI, g

jZJe_l

It follows from (A.1) and (A.4) that

el F(n )“th(g SelFmlczlullze pg) +elF Mz 5, lullcz @)
S Il lelizy s, + Il 58 1ol st
Noting that (3.36) and (3.51), we get
h 2
IFl?, 5 S X

As ®(0) = ®/(0) = 0, employing (A.7) with (s,0) = (2, 2) yields

h
+elnl, o5,

+ Il ) S X()*

m 0
BT, ) % Izt (Il ) + I, 5
In addition, by (2.2), it is easy to see that

Il

£Vl o) S il 2

B Ellnll%?o(gg) S X(),
and

lullzzgimy S Bl gy ) S X
In view of (3.36), (3.51), (A.3) and (A.4), it follows that

L
ey 2GHVI|(Ry 5, R, Raj) a2y S ll(n,eu) ||

2
JET Luedy
Finally, by employing (A.2) and ¢ < 1, we have
Pux HI ) S Tl g N )+l gy ) 1 et
Likewise, one can use (2.2) again and deduce that
L m
g iy + gt S VB g, + VEIZ, g+ elll g

which yields

2 h
Sl x HI, o)

Combining (3.65) and the above estimates gives rise to (3.58). Hence, the proof of Lemma 3.5 is finished.
O

< X(t)2.

Proof of Theorem 2.1. In what follows, we give the proof of Theorem 2.1. First, we recall a local
existence of classical solutions to the Cauchy problem (1.6)-(1.7) in the framework of Besov space, which
has been shown by prior works [56,62].
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Proposition 3.6. Assume that the initial datum (po,uo, Eo, Bo) satisfies inf,crs po(z) > 0 and (po —
P, ug, Ey, By — B) € B3. Then, for any fixred 0 < € < 1, there exists a maximal time Ty > 0 such that the
Cauchy problem (1.6)-(1.7) has a unique classical solution (p,u, E, B) satisfying

(366) (t E)E[iglgh)x]l@ p(t,x) > 07 (p - ﬁauaEvB - B) € C([OaTO)yB%) mc ([0 TO) %)

where the inhomogeneous Besov space B*(s > 0) is defined by the subset of 8" endowed with the norm
-
Owing to Proposition 3.6, one can construct a sequence of approximate solutions and show its conver-

gence to the global solution with required regularities. For clarity, we divide the procedure into several
steps.

Be = [l llze + 1 - Ml

e Step 1: Construction of the approximate sequence

Set (HQ,UQ,EQ,H()) with ng = h(po) — h(ﬁ) and Hy = By — B. Assume that (po — p,uo, Eo, Bo — B)

satisfies (2.6). For any k = 1,2, ..., we regularize (ng, ug, Fo, Ho) as follows
(n§7u07E07H0 Z A n07u07E0;H0)
l3'1<k
Then, Bernstein’s lemma implies that (nf,uf, E¥, HY) € B3. Furthermore, for suitable large k,
(n§,uf, EF, HE) has the uniform bound
k ok ok prkyit k o,k pk prk k ok pk prky(h
(3.67) ||(n0,u0,E0,HO)||B% + ||(n0,u0,E0,HO)||g% +5“(”07U0»E01H0)||Bg < G1&5,
where C is a constant independent of e and k, and &f is given by (2.5). It suffices to show the above
estimate for nk. Indeed, choosing k large enough such k > J. + 1, it follows from Lemma A.3 and (2.2)
that
5||n’§||;;% < 6””0”% Sellpo = pll 5 S llpo — /)||Z +lleo = plls +ellpo - ﬁ||};g~
Similarly,
¢ ¢
1§11y + ImEI2y S noll 4y s S o0 — 2l 5358 S oo = a1lS4 + lloo — Al +€loo — Al g
On the other hand, we see that (nf,uf, EX, HY) converges to (no,uo, Ey, Hy) strongly as k — oo in the
topology associated with £5. Actually, (2.6) implies that H”O”%l + 5||n0H}];§ < 00, so it is not difficult
2

to check that, for k& > J. + 1,

4
Ing — noll 3 + In§ — noll'2s +ellng — no||2,g
<) 28| Agngllpe + 2> 237]| A g2 — 0.
Jj<—k Jj=k

Therefore, according to Proposition 3.6, there exists a maximal time T} > 0 such that the problem (3.2)

supplemented with the initial datum (nlg, luo, E0 , HY), admits a unique classical solution (n*, u*, E* HF)

with p* = p+ KnF + ¥(n*) and B* = H* + B satisfying (3.66).
e Step 2: The continuation argument
Define
(3.68) Tp :=sup {t € [0,T) : X*(t) < 20,C1&5},
where X*(t) denotes the same functional as X'(t) (see (3.18)) for (n*,u*, E¥ H*). Here T} is well-defined
and fulfills 0 < T < Ty,. We claim T} = Tj. Let o > 0 be given by Proposition 3.2. Due to (3.67),
(3.68) and the embedding B3 < L, we choose a generic constant Cy such that
[n* | e < CoX¥(t) < 2CoC1LCHEE < bo,

provided that

%
2C,C1Cy°
Therefore, it follows from (3.67) and (3.20) in Proposition 3.2 that

XF(t) < Co(CrE§ + XF(1)> + X*(1)?), 0<t< Ty

& < aj:=



20 T. CRIN-BARAT, Y.-J. PENG, L.-Y. SHOU, AND J. XU

Furthermore, we take ag small enough such that
1 1
88 < = i { *7 ) }7
0 =0 = %0 50,01 16C2C,
which leads to

(3.69) XR(t) < Co(Cres + 2(200C1E0)?) < gcoclgg, 0<t<T.

Thus, the claim follows by using the standard continuity argument.
Next, we show that T} = +o0o. For that end, we use a contradiction argument and assume that
Ty < oo. Since (p*,u*, E*  BF) is the classical solution to (1.6), we have

€ ki k2 L ok ka/(S)—Pl(ﬁ) Lok, Lok a2 N
/(gp’\u| +p/ 572&9—1—5\]5'\ +§|B — B| )dm—i—/ /p |u”|* dx
0

p

= P P'(s) — P'(p 1 1 _
:/(5PIS\UIS|2+P§/_ Pls) — Pp) )32 ( )d8+§\Eg\2+§|B§—B|2)d$'
p

The above energy equality gives the L?-norm estimate for (n*,u*, E¥, H*), which is independent of
time but depends on k. Together with (3.69), we deduce that (n* u* EF H*) € B3. Hence, let
(n*,uk, E* HF)(t) be the new initial datum at some ¢ sufficiently close to T}. Applying Proposition 3.6
once again implies that the existence interval can be extended from [0,¢] to [0, ¢ + n*] with ¢ + n* > T},
which contradicts the definition of T}*. Therefore, we conclude that 7} = co and (n*,u*, E*¥ H*) is the
global-in-time solution to (3.2).
o Step 3: Compactness and Convergence

From the uniform estimate X*(t) < &5 and (3.2), one can deduce that (9;n*,d,u®, 0,E* 0, H*) is
uniformly bounded. Note that B 35 is a Banach space (see Lemma A.2). Thus, by applying the Aubin-
Lions lemma and the Cantor diagonal process, there exists a limit (n,u, E, H) such that (n* u* E* H¥)
converges to (n,u, E, H) strongly in L? (Ry;HZ,), as k — oo (up to a subsequence). Furthermore,
the limit (n,u, E, H) solves (3.2) in the sense of distributions. Thanks to Fatou’s property X(t) <
hkn—ligf X*(t), we conclude that X (t) < & for all t > 0. Denote p and B by

p:=p+ Kn+ ®(n), B:=H+B,
where ®(n) is given by (3.3). Consequently, one can show that (p,u, E, B) is the classical solution to
the original system (1.6)-(1.7) subject to (po, %uo, Ey, By). By standard product laws and composition
estimates, (p,u, F, B) satisfies the energy {nequality (2.7). In addition, following a similar argument as
in [3, Page 196, one has (p — p,u, E, B — B) € C(Ry; B23).
o Step 4: Uniqueness
For any time T > 0, let (p1,u1, E1, H1) and (p2, us, B2, Ha) be two solutions of the system (1.6) with
the same initial data, such that (p; — p, us, Ei, B; — B) € L®(0,T; Bz N B3)(i=1,2) and p_ < p; < p4
for 0 < p— < p4. Without loss of generality, we set ¢ = 1. Let
(5p, 5u, (;E,(SB) = (p1 — pQ,’LLl — Up, El — EQ, Bl — BQ)
The unknown (dp, ou,dE, §B) solves the error system
Dt6p +uy - Vop + prdivéu = 6F*,
Oou + ug - Vou+ M(p1)Vip + du+ 0E + du x B = 6F?,
(3.70) OE —V x 6B — péu = 6F>,
0:0B+V X 0E =0,
divdE = —dp, divéB =0,
with M(s) = P’(s)/s and
SF' = —6u - Vpy — dpdivug,
(5F2 = —du- VUQ — (M(pl) — M([)Q))V[)Q —u; X (5B2 —du X (BQ — B),
SF3 = Spuy + (p2 — p)du.
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Applying Aj to (3.70) leads to
0i0pj +u1 - Vip; + prdiviu,; = (5Fjl +0Ry; + Ry,
Opbu; + uy - Vou; + M(p1)Vép; + duj + 0E; + Suj x B =0F; + 0Rs j + 6Ry j,
(3.71) Oi0E; —V x 6B; — pdu; = OF7,
00B; +V x 0E; =0,
divoE; = —6pj, divoB; =0,
where commutator terms are defined by
SRy = [u1, A;]Vép, SRaj = [p1,A;]Vou, 6Rs; = [ur,A;]Véu and GRs; = [M(p1), A;]Vp.
Direct computations on (3.71) give
%%/(iwm%ﬁwun%%w ( 15,7 /M lda
(llatfllmc + HV*IILOO)HMIILZ +t3 (llat

1 1
M(p1)  M(p)
1

(pl)HLmII@F2 0R3,5, 0Ra )l 12 10usllz2 + 5=

37005 [zoe llujll 21 Ej 2 + IITHLw H(5F}75Rl,j75Rz,j)HL2ll5pj||L2

+1 I6F7 || 2 16 E; 2,

( p)
which leads to
(39, 04, 6B, 0B) | .4

T
< 1+ {[(0sp1, Vo1,V = )(|[(0p, du)|| .adt
) S | Q1@ T T =) G0

T
+/ (1OFy, 6F, 6F) 43 + > 2%9|(8Ru 5, 6Ra.j, 6Rs.5, 6Ra ) 12)dr
0 jez

Using the product law (A.2) and the composition estimates (A.4) and (A.5), we arrive at

(3.73) 1(6F, 0F5, 6F)[| o3 < (IIV(p2su2)ll 53 + [[(p2 — pour, B2 = Bl ,3)1(8p, 5u)| 3
Tt follows from the composition estimate (A.3) that
(374 S 949 (6R1,5, 6 Rag, 0Rs 1, 0Ra )12 S 9o, uz)l o3 160, 50 | 5

JEZ

Inserting (3.73)-(3.74) into (3.72) and then taking advantage of Gronwall’s inequality leads to
(p1,u1, E1, Hy) = (p2,uz, B2, Hy) for (z,t) € R? x [0,7]. Hence, the proof of the uniqueness of The-
orem 2.1 is finished.

4. STRONG RELAXATION LIMIT FOR THE COMPRESSIBLE EULER-MAXWELL SYSTEM

In this section, we prove Theorem 2.2. As a preliminary result, we would like to give the global
well-posedness for the following drift-diffusion system (1.9) first

Op" — AP(p") —div(p"V¢") =
{Aaﬁ* =p—p"

Theorem 4.1. There exists a generic constant ay > 0 such that if

(4.1) 06 = pll 1.3 < au,

then the Cauchy problem (1.9) has a unique global solution p* fulfilling p* — p € C(RT; B%’%) and

(4.2) o™ = Pllze 3.3y T 10" = Plizz 533, < Cllos — Al 4.9
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The proof of Theorem 4.1 can be given by the maximal regularity estimate and the standard fixed
point argument (see [12,31]). Here, we feel free to omit the similar details for brevity. Let us mention
that the regularity of p* in (4.2) is the exactly same as that of p® in the low-frequency regime j < 0 and
in the medium-frequency regime —1 < j < J., respectively. We give a little explanation on the choice of
B2 for the initial datum p§. Indeed, one can rewrite (1.9) as

(43) " — P'(5)Ap* + o = div (P'(p%) — P'(5))Vp") + div (0" — p)V(~A) "1 p).
Clearly, there are two dissipation effects in (4.3): the heat diffusion and damping. In order to handle
the second lower-order term, we need the B%—regularity for low frequencies, and to control the composite

function P’(p*) — P'(p), the B3 -regularity is required for high frequencies owing to the embedding
B% — L.
Let (nf,u®, B¢, B®), with n® = h(p?) — h(p) and H® = B — B, be the global solution to (1.6)-(1.7) in
Theorem 2.1. As mentioned in Subsection 2.2, it is convenient to introduce the effective velocity
25 = uf 4+ Vn® + E° 4 cuf x B,
which plays a key role in justifying the strong relaxation limit from (1.6) to (1.9). Indeed, observe that

1 1
out = ——=z2—u*-Vu® — —u® x H,
e? €

in which one can deduce that z° satisfies a damping equation with high-order terms
1 1 _
(4.4) 02 + —226 + =2 x B=Von® + 0. E° + F*¢,
€ €
with )
F® = —uf-Vuf — —uf x H® —e(uf - Vuf) x B — (u° x H°) x B.
€

The equation (4.4) indicates that z° possesses a better property compared with the velocity u®. We
establish the decay estimates of 2¢ as follows.

4.1. Regularity estimates of the effective velocity.

Proposition 4.1. Under the assumptions of Theorem 2.1, it holds that
g g £ g

where initial layer correction z7 := efa%tzg is the solution to

1 1 _
(4.6) Oz} + E—zzi =0, 27 |t=0 = 2§ = o + Vh(po) + Eo + ug x B,

and C > 0 is a constant independent of .

Remark 4.2. If we aim to establish the convergence rate of z° in Ef (B %) directly, then one has to require
the well-prepared condition ||u0||B% = O(e). Indeed, we have

12Zllz2 54y S ol g3 +ell(po =, Eo)ll 4 -

Proof. We first deal with the initial layer correction z7 = e_s%zﬁ. According to the definition of z§, we
have

t
Il ptdy = | €% arlagl g

(4.7)
1 _
< 52(HEU(EJHB%,% + VR 533 + 1 Eoll 538 + llug x Bl 43.3) < &6-
Denote
Z° =25 — 23,

which solves

1 1. - 1 _ N
(4.8) OFF + 3+ —2° x B= =25 x B+ Von® + 0 E° + F*, F|_o =0.
&g g 9
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Applying Aj to (4.8), taking the L? inner product of the resulting equation with z; and noticing that
(25 x B) - z; = 0, yields

1d, .. 1
S I + 1513

< ( “HI(z1); % Bllz2 + VOS2 + 10:E5 | 2 + | F5 | £2)l|25 | 2
<52 ”ZE”L? +282([[Van5 |17 + 105 172 + I1F5 172) + M I(22); x Bllp2ll25 ] 22,
from which we infer that
1
||5§||L50(L2) + g||Z§||L§(L2)
£ £ £ —1 5 SIS € 3
S el VOmillee ey + ellOuES L2 w2y + el F5 Nz 2y + €7 2M1(22)5 X Bl Ly 121751l o= (12

Therefore, summing the resulting inequality over j € Z with the factor 205D after taking advantage of
Young’s inequality for the last term, we obtain

zE =€
5 EH(atV’I’L aatE€)||L2(BQ) + ‘€||F€||L2(BQ +e ||zL||L1(B%).
It follows from (3.2),, (A.2) and (A.4) that
070, 3 S ellulza g, + el Tl g, + lGdivalz, 45
G R B S PPN [ e
Together with (2.7), (3.36) and (3.51), we arrive at
6||('91tVnEHL2(B2 1+ E&)E-
Hence, it follows from (3.2),, (2.7), (3.36) and (A.2) that
10 7 3 S Wz 8, + 0, (L I 1) S (4 €5,

Similarly, it holds that

IF ) S ellu® - Vel gy + e x B,

S HU€||L2(B2 (” sHLz(BQ)_FHHE”Lz B2)) (50) .

Substituting the above estimates into (4.9) and using (4.7), we end up with

||Z ||L2(BZ) = CVE‘("O

This completes the proof of Proposition 4.1. O
4.2. Proof of Theorem 2.2. Let (p%,u®, B¢, B°) and p* be the solutions to (1.6)-(1.7) and (1.9) from
Theorems 2.1 and 4.1 associated with the initial data (p§,u§, E§, B§) and p§, respectively. Denote

E* =V(-A)"(p* — p) and B* = B. Now we begin with the proof of Theorem 2.2. To that matter, we
define the error unknowns as

(6p,0u,8E,dB) := (p° — p*,u® —u*, E* — E*, B* — B").
We will split the proof into two steps.
e Step 1: Convergence estimates for the Euler part (dp, du).

Recall that the effective velocity z. is given by (1.16), and the initial layer correction 2§ is given by
Proposition (4.1). Substituting

uf = 25 +2° — Vh(p®) — E° —cu® x B
into (1.6),, we have
9p° — P'(p)Ap® + pp°

(4.10) , . o . ]
= div (= p*2f + p°2° + ep”u x B+ (P'(p°) — P'(p))Vp® + (p° — p)E7),
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where h(p) is the enthalpy defined by (1.11). According to (1.8) and (4.10), the equation of dp reads
(4.11) 0:6p — P'(p)Adp + pdp = Ff + F5,
where
Fy .= —div(p®z7) and F5 :=div(—p°z° 4+ ep°u® x B+ OF)
with
OF = (P'(p°) = P'(p"))Vp® + (P'(p*) — P'(p))Vép + dpE® + (p* — p)oE.
By applying Lemma A.8 to (4.11),, we obtain

(4.12) .
S 1065 = Pillp + NF Iy gt + 15 o

Employing the decay estimate of 25 in (4.5), together with the uniform bound (2.7), (A.2) and (A.5)
leads to

(4.13) VSN ) S 1025y gty S (U107 = Pl 25Ny ) S (L a0)ace:

Regarding F5, we have

(4.14) 1S s, S 10 F g an, + o Bz, + 16F s g

The nonlinear terms on the right-hand side of (4.14) can be estimated as follows. It follows from (2.7)
and (4.5) that

(4.15) 17 % ) S Bt 107 = Pl I, S (L a0)aoe,
and
(416) €||p5u5 X B||L2(BQ) ~ ( + ||p - pHLoo(BQ))HuEHE?(B%) 5 ao&“

Moreover, we have
16F 72 51y S NP (07) = P 0NV s 1y TP (07) = P (2)) VP, 4,

T 100E 13, 3, + (0" = PIOE;

L2(B2) L2(Bz)

It follows from (A.2) and (A.5) that
[P/ (6) ~ PNV sty S 1P/ 0°) — P00 60— g s, S olloplz s

Similarly,
and

1907z, 53, + 10" = DBl s ) S 100553 1B sy + 1" = Pl i, OB
Gathering (2.7) and (4.2), we get
(4.17) 16l 22 58, S (@0 + ) (190l 53, + 190155, + 9Bz, )
Putting the above estimates (4.13)-(4.17) and (4.12) together, we arrive at
19012 3, + 16052 1.3,

(4.18) .
S lloh = il 3 + = + (@0 + a)(19p 1.9, + I9F

Zf(B%))'
Next, we turn to bound du. Keep in mind that uj = e T 1ug. The variable du — u§ can be written
in the form of
(4.19) du—uf =27 —ug +2° — V(h(p®) — h(p")) —0F
which implies that

16w — SI2L = uLlize gty + 12752 1) +1R007) = RO iga 3 + 10BN, 3

uLHL2(B2) ~
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The first term can be estimated by

Nl

t
_ 27 =
25 = Sz g < ( / ¢ F ar)* (Inpo)ll 5y + 1Bl 43 + llwo x Bl 1) < Cae.

In view of (A.5), we get
176%) = B0 s, S 19017353,
Thus, together with (4.5), it holds that

e Step 2: Convergence estimates for the Maxwell part (0E,5H).
Note that
u® = 25 +2° — Vh(p®) — B — cu® x B.
We rewrite (1.6),-(1.6), as follows

1 - _
OFE° — =V x B® 4 p°F° = p*(25 + 2°) — eu x B — VP(p°),
13

1
(421) atBE + 7v X EE — 0,
9

div E® = p— p°, div B* = 0.
Due to E* = V(=A)~!(p* — p), Darcy’s law (1.10) and the fact that Vdiv = V x V x +A, one has
OhE* = -V (=A)"tdiv (p*u*) = p*u* +V x BY* = —p*E* — VP(p*) +V x BY*,
with the term
BY = —(=A)"'V x (p*u®).

Hence, recalling B* = B, we have the equations of (E*, B*) as follows

1
OE* — =V x B* + p*E* = —=VP(p*) + V x B,
&

1
(422) 8tB* + 7v X E* — 0’
S

divE* =p—p*, divB* = 0.

Note that there is no decay property for the last term V x B1* with respect to € on the right-hand side
of (4.22),. In order to handle this term, we introduce the modified error of the magnetic induction

6B := 0B +eB"*.
Then, by (4.10), (4.22), we obtain the equations of (§E, B) as follows

1 _
O0FE — EV X 0B+ pdE — P'(p)VdiveE = p°(2] + 2°) — ep°u® x B — §F,

(4.23) 8,08 + %v « 0F = 0,B"

divéE = —dp, divéB =0,
where the nonlinear term §F is given by (4.2).

Then, we perform a hypocoercivity argument for the partially dissipative system (4.23). From (4.23)
and divVx = 0, we have the localized energy estimate

1d
Pl
(4.24) < |A;(6°F — ep*u® x B — P'(5)Vbp — 6F)|| 2 |5 E; | 2
1A (025 2216 Ej 1 = + €ll9e B} 112168, 2.

0E;,0B))|[ 72 + plIOE; |72 + P'(p) | div 6B 7
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and the cross estimate

d
— a/&‘(sEj-V X §Bjd$-‘r ||V X Bj||2L2

(425) + ﬁE/éEj -V x (5[)’] dxr — HV X Ej”%z
< e A, (p°F — epfut x B = 0F)|| 12|V x 6B;]) 12
+elldj(p°2) 12|V % 8Bl 12 + €101 B} || 2|V x 6By |2

For a suitable small 7, > 0, we define the functional
1 .
SL;(t) == 5\|(5Ej,55j)||iz + 1. min{1,2*2ﬂ}/55Ej -V x 6Bjdx ~ ||(6E;,5B;)||22.

Here, min{1,27%} = 1 for j < 0 and min{1,272/} = 2% for j > 1. It follows from (4.24) and (4.25)
that

d _ ,

0L (1) + [0E; |72 + min{1, 227} 08,7

S (EllonB; " [l + 145 (072 ) 112)1/0.L5(1)

+ (14, (p°2°) | 2 + €l A (p°u® x B2 + 16p5ll2 + [I6F; | 2)
x (65 2 + min{1, 27 }[[6B;]| =)

(4.26)

Therefore, applying Lemma A.7 to (4.26), once again implies that
1O, 68)) e (1) + I10E; 2 12 + min{1, 27 H13B |2 12
(4.27) SNOE;, 6B;)(0)|l12 +€ll0eB) a2y + 14, (0725l re)
+ 145 (p°2%) 2Ly +ellAj(p°u® x B)HL%(m) + 16F5 || 2222,
which leads to

5.8z ot + 195550, + 8T sy
(038) S IES — B3, By — BB )l gy +l0BY N, gy, + 107l Ly ) + 105 g
Fellptut x Bl g, + 1P 5
According to (4.5), we can obtain the decay of p°z5 as follows
(120 102 54y (1 167~ Al 3 1250, 3, S 0
Substituting (4.13)-(4.17) and (4.29) into (4.28), we get
1GB B 1, + 10BN 3 + 1Bl 5.4,
(430 (5= B, 55— Bl g + (o0 ) (190l 4.3, + 19BNz 5.)
+ellonB Ny 1) +ENB Ol 535

where we have employed (4.12)-(4.18) which have been obtained in Step 1.

In order to obtain the convergence rate, one needs to establish uniform bounds for B**(0) and 9, B**
on the right-hand side of (4.30). Then, we shall use uniform bounds of B1* to recover error estimates
for B = 6B — eBY*. Below, we establish some necessary bounds of B'*.

Lemma 4.3. Let B = —(—A)"1V x (p*u*). Assume that pj, satisfies (4.1) and p —p € B~2. Then,
p* satisfies

(4.31) 16" = Pl ety + 107 = Bllagmty S 105 = Pl oy
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Furthermore, it holds that
1B (0] 53 < llos = oll% -

l\?\»—t

(4.32) 1B~

m\»—A
s

Lw(BQ)mLQ(BQ)N||pO pH
103"

13-
2'2

Proof. We first show (4.31). Applying Lemma A.8 to (4.3) with
fi=fo=0, fy=div((P'(p*) = P'(p))Vp") +div((p* = p)V(=A)"'p"),
we obtain
||p _p||Lao(B_§)+Hp ||L2(B—§)
<l — ol + 1P () = PN a3, + 1607~ DV(-8)0"
In accordance with (A.2), (A.4) and (4.2), we obtain
I 0") ~ PN a3, S 1P 0%) — Pl s 10— Pl s — 71

Similarly,

13-
22

10" = D)V (=2) "l 3y S llP™ = Al < lles = oll%,

L2(82
Therefore, we have (4.31).
Next, it follows from E* = V(—A)~!(p* — p) that

B = (~A)7'V x (VP(p") + p°E") = (~A) 7V x (5" — p)V(-A)"p").

13-
2°'2

Hence, for the initial datum B!*(0) of B1*, employing the product law (A.2)n we arrive at
IBY*(0) 53 < (o5 = P)V(=2) "5l -3
<105 — Al 3 IV (=) 05l 15 S lloh = Al - I — 7l
Concerning the estimate of B**, a similar computation gives

1B

L= (B3)NL2(BY) S llptu Lo (B~ 3)nL2(B™ %)

2 =112
Se" =l -3 3y 0231, S 10— Pl 35

where we have used (4.2) and (4.31). Finally, using (1.9),, the estimate of the time derivative d;p* follows
Hatp HLZ(B_f %)NHp _p||L2(32ﬂBQ ~ HpO p” %,%
Hence, we obtain
||8tBl7* L%(B%) 5 ||atp*v(_A)_1p*||L1(B—%) + ||(p* - ﬁ)v(_A)_latp*”Ll(B—%)

S100 g3, IV )7 8

1" = Al 1) I9C-2)100 8,

* 2
S e = pllzap-4.4) 100077 4.3y S o0 = P-4 5
which concludes the proof of Lemma 4.3. O

It follows from (4.30), (4.32), and (4.32), that

| <08 - By, B meB% + (a0 +a1><||6p|\;%(3% )+ 1Bl 1) + ave.
In view of (4.32),, we recover the estimate of 6B as follows
5Bl 7 ) + |\5BIIL2(B§ "
(4.34) S 1Bl it + 1Bz, 52 4+ B I ) + B I,
S 198l 3, + 198l 7, 534, + €
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Putting (4.18) and (4.33)-(4.34) together and using the smallness of ag and «, we have
e =l 4,

+B° = B[z

lo= = » ||Z°°(B%)QZQ(B%’%)

(4.35 B = Bl T bt h

L ( B2 mLZ(Bz)
S (e — po, G — Eg, Bg — )HB% +e.

Finally, the inequality (2.10) follows by (4.20) and (4.35). The proof of Theorem 2.2 is complete.

APPENDIX A. TECHNICAL LEMMAS

We recall some basic properties of Besov spaces and product estimates that are repeatedly used in
the manuscript. We refer to [1, Chapters 2-3] for more details. Remark that all the properties remain
true for the Chemin—Lerner type spaces, up to the modification of the regularity exponent according to
Holder’s inequality for the time variable.

The first lemma pertains to the so-called Bernstein inequalities.

Lemma A.1. Let0<r < R, 1 <p<g< o0 andk € N. For any function uw € LP and X > 0, it holds
Supp F(u) C {§ € R : [¢] < AR} = [|DFullze S MG Ju 1o,
{Supp Fu) c {€€R? : Ar < |€] < AR} = ||D%ul|pr ~ NF||ul|L».
Next, we state some properties related to homogeneous Besov spaces.

Lemma A.2. Let d > 1 be the dimension. The following properties hold:

o For any s € R and q > 2, we have the following continuous embeddings:
B B, B R oon

o B% is continuously embedded in the set of continuous functions decaying to 0 at infinity.

o For any o € R%, the operator A° is an isomorphism from B® to B*~7.

o Let s; € R and s3 < %. Then the space B5' N B is a Banach space and satisfies weak compact
and Fatou properties: If uy is a uniformly bounded sequence of B%* N B2, then an element u of
B*' N B* and a subsequence u,, exist such that

kl;rr;ounk =u in S and ||ullganpe S lginjg“u"k||3510352'

The following Morse-type estimates play a fundamental role in the nonlinear analysis.

Lemma A.3. Let d > 1 be the dimension. The following statements hold:
o Let s > 0. Then B* N L is a algebra and

(A1) IIUUI pe S llullze vl g + llvllzeellull g
e Let s1,89 satisfy s1,s82 < & and s1 4+ s9 > 0. Then there holds
(A.2) [wvll gy von—g S llullgor V]l 5o -

Next, we present a commutator estimate that is used to control nonlinear terms in medium and high
frequencies.

Lemma A.4. Foranyd > 1, let s € (—% -1, % + 1]. Then it holds
(A3) Z 2j8||[ua AJ]aﬂﬁlv

JEZ

2 SIVall gllollen =12,

Also, we recall estimates for the composition of functions.

Lemma A.5. Let s >0, and F : I — R with I being an open interval of R. Assume that F(0) =0 and
that F’ is smooth on I. Let u,v € B* N L*™ have value in 1. There exists a constant C = C(F’,s,d, I)
such that

(A4) I e < COA I F o) T N g
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and

IF(f1) — F(f2)]l
(A.5) < FO)fr = follps
+ C(L+[(fr, )l (1 = el ge 1AL F)ll + I1fr = Fell= 1, £2)ll e ) -

In order to control the nonlinear term ®(n) in (3.2), we need the following results concerning the
composition of quadratic functions. The proof can be found in [12].

Lemma A.6. Let s >0, J be a given integer, and F : I — R be smooth with I being an open interval of
R. Then there exists a constant C = C(s,p,r,d, I, F") such that, for c >0,

Y 2A(E(f) = F(0) = F'(0).)] z2
i<J

< O+ F =) M f Ml (D 2514 flle +27C77 Y 7 2704 f|re),

Jj<J j>J—1

(A.6)

and for any o € R that
> POIAF(f) = F(0) = F'(0) )| 2
j>J—1

< O+ Nl N flle 2707 Y270 A fllze + Y 214 1z2).

isJ j=J-1

(A7)

Lemma A.7. Let T > 0 be given time, E1(t), E2(t) and Es(t) be three absolutely continuous nonnegative
functions on [0,T). Suppose that there exists a functional L(t) ~ E?(t) + E3(t) + E2(t) such that

d
(A-8) L) + a1 B (1) + a2 B3 (1) + a3 B3 (1) < Cor(t) VL) + Cp (DB (), tE(0,T),
where a1, as,as are strictly positive constants. Then, there exists a constant C' > 0 independent of T and
ai, az,as such that if g1 (t) € L*(0,T) and g2(t) € L?(0,T), then we have

sup (El (t) + E2 (t) + E3 (t))
te[0,T7]

(A.9) + VaillErll20,1) + vzl Bzl 2(0,m) + Vas|| Esll L2 o,r)

C
< C(Er(0) + E2(0) + E3(0)) + CllgllLro,m) + —=g2ll2(0,7)-
Va1

Proof. Integrating (A.8) over [0,T] yields

T
sup L(t) + / (a1 B3 (t) + a2 B3 (T) + asE3 (1)) dt
t€[0,7) 0

<o [ awa sw vEGo( [ gt [ soa)’

te[0,T]

1 a [T ) ) T s 2 (T )
<5 sup ﬁ(t)+—/ Ei(t)dt+C (/ g1(t) dt) +—/ E3(t) dt.
0 0 0

+€[0,T] 2 ax

Therefore, after taking the square root, we obtain (A.9). |

We consider the following Cauchy problem for the damped heat equation in R¢:

{&gu — 1 Au+ cou = f,

(A.10) u(0,z) = ug(x).

Lemma A.8. Let s € R, T > 0 be given time, and ¢; (i = 1,2) be strictly positive constants. Assume
ug € B, and f = f1 + fo+ f3 with f; (i = 1,2,3) satisfying fi € L'(0,T; B*), fo € L*>(0,T; B*~") and
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fs € ZQ(O,T; B*). If u is the solution to the Cauchy problem (A.10), then u satisfies

”uHZ?o(Bs) + \/CIHUHZ%(Bwrl) tv CQHUHZ?(BS)
(A.ll) 1 1
< Clluollge + 11lsgm + Sl Fllzygersy + =lfollzagsn) ¢ € 0,7,

Ve Ve

where C' > 0 is a constant independent of ¢; (i =1,2) and T.

Proof. Taking the L? inner product of (A.10) with u; and using Young’s inequality, we obtain
d 1
dt 2
Integrating (A.12) over [0, t] yields

2=2 . 5 1, . 9
1A fallz2 + =114, 3|72

C1 C2

. 1 .
(A.12) lullZe + 5er2% ug 1 + Sealluglize < llusllee 145 flle2 +

1o [ I
Il oy + 512 [ gl dr+ oo [ i ar
(A.13) o

t t
. 2 . 1 ;

< [lu; (0)I7 +/ 18 fill 2 drllugll e 2y + —— [ 18 f2llZ2 dT + */ 1A, f322 dr.

0 1 Jo €2 Jo
Employing (A.13) and Young’s inequality, we arrive at

lugllnoe 22y + vVer2 ull 2z + veallugll 22
277 . 1
2 A, _
\/aH af2HL$(L2) + NG
which leads to (A.11). O

S lug (0) |z + [|A fillr 2y + 14 f3ll 22y
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