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ABSTRACT. In this paper, we analyze the preservation of asymptotic properties of partially
dissipative hyperbolic systems when switching to a discrete setting. We prove that one of the
simplest consistent and unconditionally stable numerical methods — the central finite-differences
scheme — preserves both the asymptotic behaviour and the parabolic relaxation limit of one-
dimensional partially dissipative hyperbolic systems which satisfy the Kalman rank condition.

The large time asymptotic-preserving property is achieved by conceiving time-weighted
perturbed energy functionals in the spirit of the hypocoercivity theory. For the relaxation-
preserving property, drawing inspiration from the observation that solutions in the continuous
case exhibit distinct behaviours in low and high frequencies, we introduce a novel discrete
Littlewood-Paley theory tailored to the central finite-difference scheme. This allows us to prove
Bernstein-type estimates for discrete differential operators and leads to a new relaxation result:
the strong convergence of the discrete linearized compressible Euler equations with damping

towards the discrete heat equation, uniformly with respect to the mesh parameter.
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1. INTRODUCTION AND INFORMAL RESULTS

Extensive literature exists on the analysis of partially dissipative hyperbolic models, particu-
larly focusing on their asymptotic behaviour and singular limits using a combination of Fourier
and hypocoercivity techniques. While in the continuous setting there is growing progress in
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understanding these phenomena, a persistent challenge arises when transitioning to a numerical
context and seeking to preserve such properties in a grid-uniform manner.

In this context, our research contains both theoretical and experimental evidence for the fact
that hypocoercive and relaxation properties inherent to partially dissipative hyperbolic systems
can be effectively captured by one of the simplest and unconditionally stable numerical schemes:

the central finite-difference method.

1.1. Partially dissipative systems — propagation of damping through hyperbolic dy-
namics. We are concerned with the numerical analysis of partially dissipative hyperbolic sys-
tems of the form

(1.1) U + Ao,U = —BU, (t,x) € (0,00) x R,

where U = U(t,z) € RY (N > 2) is the vector-valued unknown and A, B are symmetric N x N
matrices. We assume that the matrix B is partially dissipative in the sense that

(1.2) B= (0 0) and (LX,X) > r|X|?,

0 L
where L is a Ny x Ny matrix (1 < Ny < N) and k > 0. Based on this definition, we decompose
the solution as U = (U, Us) where U; € RN=N2 corresponds to the conserved components and
U, € RM2 the dissipated ones. In general, the L?-stability of these systems is unclear, as the
dissipative operator L only acts on Us.

In [38], Shizuta and Kawashima observed that if the eigenvectors of A avoid the kernel of the
dissipative matrix B (this requirement is called the SK condition), then the solutions are stable
in L2. Then, Beauchard and Zuazua [2] established a link between the SK condition, control
theory and Villani’s theory of hypocoercivity [46]. In particular, they constructed perturbed
energy functionals permitting to recover the asymptotic behaviour of the solutions of (1.1)

under the Kalman rank condition:

Definition 1.1. A pair of matrices (A, B) verifies the Kalman rank condition if
(K) the matrix K(A, B) := (B|AB|...|AN"'B) has full row-rank N.

In practice, this condition means the partially dissipative effects of B can be propagated
to the other components through the hyperbolic dynamics of the system. In [2] and numerous
references on the topic see e.g. [4, 12, 11, 26], the authors rely on Fourier techniques to derive the
large time behaviour of the solutions. Recently, Crin-Barat, Shou and Zuazua in [14] developed a
Fourier-free method prone to tackle situations where the Fourier transform cannot be employed
such as e.g. bounded domains, time and space-dependent matrices or Riemannian manifolds.
Their method leads to the following natural time-decay estimates for the solution of (1.1).

Theorem 1.2 ([14]). Let Uy € HY(R), A and B be symmetric N x N matrices with B as in
(1.2), satisfying the Kalman rank condition. Then, for all t > 0, the solution U of (1.1) with
the initial datum Uy satisfies

_1
(1.3) 102(O)[l L2y + 102U ()| L2y < C(1+)72(|Uol| 1wy,

where C > 0 is a constant independent of time and Uy.
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This proposition highlights the hypocoercive nature inherent to partially dissipative systems.
Although the damping term does not directly influence every component of the system, the whole
solution decays in time due to the cross-influence between the matrices A and B resulting from
the Kalman condition (K). Since the hyperbolic part of the system consists of first-order terms
and the dissipative part of zero-order terms, the authors of [14] showed that (1.3) is optimal for
H?' initial data. The decay rate resembles that of the heat equation for L? data, but, in this
hyperbolic framework, we need to assume additionally that the initial data are in H', due to
the lack of parabolic regularising effects.

Remark 1.3. A classical system fitting the description (1.1)-(1.2) and verifying the Kalman rank
condition (K) is the linearization around (p,u) = (p,0), with p > 0, of the compressible Euler
system with damping. This linearisation takes the following form

ﬁtp + Bxu = 0,
(1.4) (t,z) € (0,00) X R,
Ot + Ozp+u =0,

where p = p(x,t) > 0 denotes the fluid density, u = u(z,t) € R stands for the fluid velocity and
the friction coefficient A > 0 is assumed to be constant.

1.2. Asymptotic-preserving schemes for partially dissipative systems. The first pur-
pose of this paper is to prove that one of the simplest structural preserving (i.e. consistent and
stable) numerical schemes for (1.1), namely the one based on the central finite difference discrete
operator on a uniform h-sized grid:

Un+1 - Un—l

, n €7,

preserves the large-time asymptotics derived in Theorem 1.3. The choice of the central finite-
difference operator for the discretisation is justified by the unconditional stability of the resulting
numerical scheme, see Proposition 3.4. More information on the discrete framework we use is
given in Section 3.1.

We present an informal version of our asymptotic behaviour result:

The central finite-difference scheme is asymptotic-preserving for the System (1.1) in the sense
that we recover the time-decay (1.3) for the semi-discretized version of (1.1), uniformly with
respect to the mesh-size parameters, when the Kalman rank condition holds.

The complete version of this result can be found in Theorem 2.1.

1.3. Relaxation-preserving scheme. Up to this point, we have at hand a structure-preserving
and asymptotic-preserving numerical scheme for the System (1.1). One of the natural further
steps is to analyse whether this scheme behaves well with respect to another type of asymptotics:
singular perturbations. More precisely, as outlined in [47], the system (1.1) can be relaxed to
a parabolic one in a diffusive scaling. We will prove that, under certain regularity conditions
on the initial data, the same relaxation behaviour is observed in the discrete setting, uniformly
with respect to the grid width h.
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FIGURE 1. In blue: Plot of the function ¢ — Smg(o. M, is the value of the
function at the high-frequency thresholds £ (7 — ¢). Below this value (i.e., below
the red line), the analysis needs special treatment compared to the continuous
setting.

We investigate such approximations in a simple setting: the discrete version of the linear
compressible Euler system (1.4) with relaxation

8,5,06 + Dpu® =0,

(1.6) 24 ¢ e €
e“0wu® + Dpp° +u® =0,

where p°, u® : (0,00) X Z — R and & > 0 is the relaxation parameter. As ¢ — 0, the solutions of
(1.6) converge, at least formally, to the solutions of the discrete heat equation

{atp - D}%P = 07

1.7
( ) U = _th7

where the second equation corresponds to the discrete Darcy law.

In the continuous context [41, 10], it is essential to analyze separately the low and high fre-
quencies of the solutions to derive strong convergence results for such relaxation procedures. For
instance, in [10], the authors introduce a hybrid Littlewood-Paley decomposition to justify the
strong convergence of the nonlinear compressible Euler system with damping toward the porous
media equation in any dimension. In the present paper, to justify the relaxation-preserving
property of the numerical scheme, we introduce a novel and numerically suited Littlewood-
Paley decomposition. In that regard, the main challenge that arises is that the Fourier symbol
of the discrete operator, which is:

— _sin(&h) . [ T 71']
1.8 D = _-
(1.9 Do =i 00, ee|-T5],
becomes very small at high frequencies § ~ £7. Therefore, we are not able to uniformly
approximate % by & as, in the high-frequency regime, Siné(gh)‘ < 1 (see Figure 1). To

tackle this issue, we develop a non-standard dyadic decomposition tailored to the central finite

difference operator Dj,. More precisely, whereas in the continuous Littlewood-Paley theory, the
dyadic decomposition of the frequency domain is done in logarithmically equidistant annuli:

3 .4 .
1. Zoi —oitl
(1.9) €] & {4 '3

)
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in our case, we work with a numerically adapted dyadic decomposition based on non-uniform
annuli of the form:
sin(éh)| [321 4o

(1.10) e e R HEE

See Figure 2 for a comparison between the decomposition intervals in (1.9) and (1.10). On that

figure, we remark that the numerically adapted dyadic decomposition showcases a pseudo-low-
frequency regime near the boundary of the frequency domain (i.e. for £ ~ &%), which will need

special treatment in our analysis (for example, in the proof of Proposition 2.5).

The continuous case: || ~ 2/ The discrete case: Sm(gh) ~ 2
2 23 | \_l
23
21
271
271
273 273
—50 —25 0 25 50 —50 —25 0 25 50
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FIGURE 2. The decomposition of the frequency space in the continuous case (1.9)
(left) and in the discrete setting (1.10) (right), for h = 274

Our approach differs from the discrete Littlewood-Paley decomposition outlined in [30], which
utilizes the dyadic decomposition (1.9). One significant improvement is that the numerically
adapted decomposition (1.10) we employ enables us to establish Bernstein-like estimates for the
operator Dy, of the type:

¢2(8olle < [Dadhollz < C 2|8l

where 6%@ is the localization of the grid function v to the frequency band (1.10).

This leads to the following definition of homogeneous discrete Besov semi-norms: for a regu-
larity index s € R, we define:
(111) Jollg; = X 264l

JEZL

Within this framework, to split our analysis into low and high frequencies, we simply need to
apply the frequency-localization operator 5{; to the system and study the solution separately for
j < 0 and j > 0, respectively. Furthermore, the spaces defined in (1.11) are related to classical
discrete functional spaces by the following embedding (see Proposition 2.5):

) : L1
(1.12) By — h; and B} — {7,
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where the homogeneous and inhomogeneous discrete Sobolev norms are defined as:

3(6) sin(&h)

h

S

(1.13) HUHZZ = [IDjvlle =

2 12 2
sz o Wl = Iy DI
Moreover, for any Banach space X, T > 0 and p € [0,00], we denote by LL.(X) the set of
measurable functions ¢ : [0,7] — X such that ¢ — ||g(¢)||x is in LP(0,T"). We refer to Section 3

for more information about the functional framework we use.

Next, we present an informal version of our relaxation-preserving result:

The central finite-difference scheme is relaxation-preserving for the System (1.6) in the sense
that the solutions of (1.6) converges to the solution of (1.7) in the supremum and Sobolev norms

at the rate O(£2), uniformly with respect to the mesh-size parameters.

The rigorous form of this result can be found in Theorem 2.7 and Corollary 2.9.

2. MAIN RESULTS

2.1. Asymptotic-preserving property of the central finite-difference scheme. In this
section, we establish the counterpart of (1.3) for discrete hyperbolic systems, demonstrating
the preservation of the hypocoercivity property when transitioning to a numerical context. To
be more specific, we derive time-decay rates for a space-discretization of (1.1) on a uniform
grid of width h. In this context, we consider that U : (0,00) x Z — R satisfies the following
semi-discrete equation:

(2.1) BU(t) + A(DRU(t)) = —BU(t),

The next result establishes time-decay estimates for (2.1), uniformly with respect to the mesh
width.

Theorem 2.1 (Numerical hypocoercivity for hyperbolic systems). Let Uy, DpUp € €3 , A and B
be symmetric N x N matrices with B as in (1.2) and such that (A, B) satisfies the Kalman rank
condition (K). Then, for allt > 0, the solution U of (2.1) with the initial datum Uy satisfies

_1
(2.2) 1U2(®)ll + IDAU Bz < O+ )3 Vol

where C' > 0 is a constant independent of the mesh-size parameter h, the time t and the initial
data Uy.

Remark 2.2. The decay rate obtained in (2.2) is sharp with respect to the one derived in the
continuous case [14]. Note that we only recover decay for the whole solution in h,ll and for
h,ll initial data. This comes from the fact that the partial dissipation from the matrix B is
propagated by the hyperbolic operator ADj;,, which is of order 1, to reach every component.
The additional E%L—decay estimate for the component Us comes from the direct damping effect
applied to this particular component within the equation.

Remark 2.3. Applying Theorem 2.1 to the linearized compressible Euler system (1.4), we obtain
that, for all ¢ > 0,

(2.3) lu®llz + 1o, w)(0)l < OO+ )75 (po, o) s
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Strategy of proof and comparison with the literature. To establish Theorem 2.1, we
construct time-weighted Lyapunov functionals inspired by the recent work of Crin-Barat, Shou
and Zuazua [14]. Their approach, employing various tools to analyze partially dissipative systems
without relying on the Fourier transform, broadens the scope of applicability beyond Fourier-
based results obtained in e.g. [38, 2, 4, 11]. The construction of the Lyapunov functionals
is, in turn, influenced by the work of Hérau and Nier [28, 29] on the asymptotic behaviour
of hypocoercive kinetics models and the work of Beauchard and Zuazua [2] concerning the
hypocoercivity phenomenon for hyperbolic systems. Here, the Lyapunov functionals we use
closely resemble the one of [14] and are tailored for the central finite-difference approximation
of the partially dissipative system (1.1). Differentiating these functionals with respect to time
and employing the Kalman rank condition (K), we derive the desired time-decay rates.

Regarding the discrete asymptotic stability of partially dissipative systems, numerous studies
are dedicated to formulating asymptotic-preserving numerical schemes for hypocoercive phe-
nomena. Closely connected to our work, we highlight the contributions of Porretta and Zuazua
[42] and Georgoulis [24], where time-decay estimates are derived for discretized versions of the
two-dimensional Kolmogorov equation, employing finite difference and finite element schemes,
respectively. In the broader context of kinetics models, particularly emphasizing the Fokker-
Planck equation, we refer to [5, 20, 21, 22, 23, 3] and references therein. Concerning the issue
of stability of finite-difference schemes for hyperbolic systems, we refer to [44, 8, 9, 40].

2.2. Strong relaxation limit in the semi-discrete setting.

2.2.1. A new frequency-based discrete framework. The proof of our second main result — the
discrete relaxation limit — is inspired by the works [41, 10] pertaining to the continuous setting.
In particular, in [10], it is shown that the solutions of the nonlinear compressible Euler system
converge strongly, in suitable norms, as € approaches zero to the solutions of the porous media
equation. There, the authors use a frequency-splitting method and treat the low and high
frequencies in two different manners. Importantly, in their approach the threshold between low
and high frequencies is located at 1/¢, therefore the high-regime disappears in the limit as e — 0.

Drawing upon these insights, to obtain new results related to hyperbolic relaxation procedures
for semi-discrete hyperbolic systems, we employ the novel construction of Besov spaces roughly
described in Section 1.3 and rigorously introduced in Section 3.4. Another key concept, inspired
from [43, Section 10.1], is the truncation operator: Ty, : L*(R) — {3,

jﬁ /_ " etnhg (6 de,

where © is the continuous Fourier transform of v € L?(R). It is notable that the discrete

(2.4) (Thv)n =

=13

Fourier transform fh\v(f ), as introduced in Definition 3.1, coincides with the continuous Fourier
transform (&) for any £ € [—%,%]. The purpose of this truncation operator is to transfer
functions defined on the real line to a grid of width h, while preserving the Fourier transform.
For a comprehensive understanding of the suitability of this operator in accurately projecting
functions onto the h-grid, interested readers can refer to [43, Theorems 10.1.3 and 10.1.4]. The
forthcoming result concerning the truncation operator will ultimately ensure that the constants

in our relaxation result are uniform with respect to the grid width h.
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Theorem 2.4 (Uniform Besov estimate with respect to the grid width). For every s’ > 0 and
s € (0,s) there exists a constant Cy s > 0 such that, for every h > 0 and every u € H*(R), we
have

(2.5) 1Tl < Coallvl oy

Furthermore, the discrete Besov spaces that we employ can be embedded in the classical
Sobolev and ¢7° spaces as follows.

Proposition 2.5. For every s € R, there exists a constant Cs > 0 depending only on s such
that, for every v € BE, the following inequality holds true:

(2.6) ||7)Hh; < CSHUHBZ‘
Moreover, in the particular case s = %, the discrete Besov space continuously embed in [7°:

27) ol < Ol

2.2.2. Discrete strong relaxation of the incompressible linearized Fuler system. Before presenting
our relaxation result, we introduce the concept of (s, h)-truncated initial data, which allows us
to use essentially a single initial data in (1.6) and (1.7), regardless of the width h of the grid.

Definition 2.6 ((s', h)-truncation). Let € > 0 and s’ > 2. We say the initial data of (1.6) and
(1.7) are (s', h)-truncated of order ¢ if the following equalities hold:

() 1170 = P51l o2y < %

(i) po = Ta(po),

(i) = T (05),

(1v) w4 = Th (),

where ﬁﬂ/ € HS/_Q(R)a ;(;):71;(;) € HS,(R)

The above definition means that the initial data for the discrete Cauchy problems are obtained
by truncating functions with sufficient regularity defined on the real line.

We are now in a position to state our result regarding the relaxation limit from (1.6) to (1.7).

Theorem 2.7 (Numerical relaxation limit). Let e,h > 0, 8 > 2 and s € (2,5"). We assume
that (p§,uy, po) are (8, h)-truncated of order € and we denote (p°,u®) and p the corresponding
solution of (1.6) and (1.7), respectively. Then, for every time T > 0, p° converges strongly
toward p in the following sense:

(2.8) 167 = (D)2 + 119" = plls 53y + 1Pnp" +u g o1y < C2,

where C' = C4 (1 + 1105, cug) || o + HE{%HHS/,l), with C1 > 0 a constant independent of h, e, T
and the initial data.

Remark 2.8. The convergence rate we obtain is one order higher than that obtained in [10] for
the nonlinear compressible Euler system with damping. This is at the cost of stronger regularity
requirements for the initial data. The result we obtain is consistent with the rate observed in
simulations, see Section 7.2.
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Combining Proposition 2.5 and Theorem 2.7, we obtain the strong convergence in hfL and £3°,

uniformly in h and T

Corollary 2.9. Let all the assumptions of Theorem 2.7 be in force. The solutions of (1.6)
converge strongly for every time T > 0, as € — 0, to the solutions of (1.7) in L%o(hf;Q) and
Lh(h3) at the rate O(£?), uniformly in h.

Moreover, for s’ > 5/2, the solutions p° of (1.6) converge strongly, as € — 0, to the solution
p of (1.7) in L (£5°) and LL(15°) at the rate O(g?), uniformly in h.

Remark 2.10. In Section 8, we broaden the scope of Theorem 2.7 to encompass general hyperbolic
systems satisfying the Kalman rank condition. The analysis for this extension closely follows the
methodology outlined in [16], incorporating supplementary conditions on the matrices A and B.

Comments and comparison with the literature. In our approach, a distinctive advantage
of our discrete Littlewood-Paley decomposition, in contrast to existing literature (such as the
work in [30] on Strichartz estimates for discrete Schrodinger and Klein-Gordon equations), lies in
the adaptation of the localization annuli to the precise form of the discrete differential operator
Dy,. This adaptation allows us to justify Bernstein-type estimates necessary for proving the
relaxation property.

The justification of our results differs from previous endeavours related to similar hyper-
bolic approximation procedures, e.g. [6, 34, 31, 7] where implicit—explicit (IMEX) Runge-Kutta
schemes are used. Here, we establish the asymptotic-preserving property of the central finite-
difference scheme within a refined frequency-based functional framework, strategically con-
structed to approach stiff relaxation procedures for hyperbolic systems. In a related context,
we highlight [17, 18, 35, 39, 33, 36, 3, 25, 5] where authors delved into the diffusive limit of
kinetics and hyperbolic models. In particular, in the recent work [5], Blaustein and Filbet craft
a discrete framework for studying the Vlasov-Poisson-Fokker-Planck system, first rewriting the
equations as a partially dissipative hyperbolic system with stiff relaxation terms, using Hermite
polynomials in terms of the velocity. Then, in line with the continuous approach by Dolbeaut,
Mouhot, and Schmeiser [19] on hypocoercivity, they justify the relaxation limit of such hyper-
bolic systems (which shares similarities with the one studied in the present paper), revealing
the diffusion limit at the discrete level of the kinetic model. A crucial difference in our current
scenario is that we tackle the full-space case, as opposed to the torus setting. In the full-space
case, there is a lack of a spectral gap in low frequencies due to the absence of a Poincaré-type
inequality, thus leading to a dichotomous behaviour in low and high frequencies which, in turn,
requires the development of a functional framework tailored to deal with this polarity.

3. PRESENTATION OF THE DISCRETE FRAMEWORK

3.1. Standard Finite difference schemes. In this section, we recall the three possible vari-
ants of two-point finite difference schemes used to approximate the differentiation operator 0, .
Namely, we consider the upwind, downwind and central first-order finite difference operators on
a uniform grid of width h in one dimension for a bilateral sequence (vy,)nez:

(3.1) (D) = =2
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(3.2) (D v} = ==
Un+1 — Un—1

3.3 Dpo), = L =l

(3.3) (Dnv) 5T

All three discrete operators are consistent i.e. they approximate the operator 0, as h approaches
zero, but the stability of the first two of them depends on the direction of the hyperbolic flow
of the equation, which is given by the sign (if any) of the matrix A in (1.1).

More precisely, the three possible semidiscrete counterparts of the equation (1.1) that corre-
spond to the operators (3.1)-(3.3) are:

(3.4) QU (1) + A(Dy U () = —BU* (1)
(3.5) QU (t) + A(D; U (t)) = —BU~ (t)
(3.6) QU (1) + ADRU (1)) = —BU(#),

where U : (0,00) X Z — R is a time-dependent bilateral sequence of vectors.

In Section 3.2.2, we will study the stability conditions of each of the equations (3.4)-(3.6).
But first, we introduce a pivotal tool in the analysis of real discrete linear systems — the dis-
crete Fourier transform. For a more in-depth exploration of finite difference schemes and their
properties, interested readers can consult [43].

3.2. Discrete Fourier transform. Within this section, we introduce the discrete one-
dimensional Fourier transform and revisit some fundamental properties such as invertibility
and Parseval’s equality. Subsequently, we use these properties to study the solutions of the
discrete equations (3.4)-(3.6).

3.2.1. Definition and basic properties. The following definition is essentially taken from [45,
Section 2.2]:

Definition 3.1 (Discrete Fourier transform). We consider a bilateral infinite real sequence
(Un)nez and a grid width h > 0. Assume that v € {7, that is:

2 2
(3.7) HUHZ%L =h Z v;, < 00.
nez
Then, the discrete Fourier transform of v is defined as ¢ : [-%, 7] = R,

h

(&) i= —— Z e~ nhy,,.
2 nez
The inverse Fourier transform F~': L? ([-%, %]) — [} has the following form:
1 [
(3.8) F o), =—7= | e"o@)de
( )'I‘L 27{ _%

The next proposition, taken from [45, Theorem 2.5] summarizes some basic properties of the

discrete Fourier transform.

Proposition 3.2. Letv € l,%. The following properties hold:

(1) o€ L* ([-F,%]) and H@HLQ([f )= HUH[Z (Parseval’s equality)

n T
h’h
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(2) The sequence u can be recovered from its discrete Fourier transform by the equality:
v=F Y0).
(38) Let w € 1} (defined as (3.7)). Then, the convolution product of u and v defined as:

(vkw)y:=h Z U Wn—m
meZ

belongs to l,% and

UF W = 0.
3.2.2. The Fourier transform of finite difference schemes and stability results. Within this sec-
tion, we use the discrete Fourier transform to establish stability results for the finite difference
schemes introduced in Section 3.1. This analysis will guide us in selecting the most suitable
scheme for the discretization of hyperbolic systems.
The subsequent lemma, pertaining to the discrete Fourier transform of the discrete operators
(3.1)-(3.3), can be demonstrated through direct computation:

Lemma 3.3. Let v € [7. The Fourier transform of the finite difference operators (3.1)-(3.3) are
given by:

39) Do - = Le)
1— e*igh
(3.10) (D v)(§) = Tﬁ(ﬁ),
. pith _ o—ich
(3.11) (Dpv)(€) = T@(f)~

As an immediate consequence, the solutions of the Cauchy problems associated with (3.4)-(3.6)
are, in Fourier variables:

I oi€h _
(3.12) a*(t,€) = exp (—A 5 Lo B) t] ao(€);
r _ oith
(3.13) 4= (t,€) = exp <A1h - B) t] tio(§);
. eth _ e—i{h
(3.14) it €) = exp <—A2h - B) t] i10(6).

The following proposition accounts for the stability of the discrete one-dimensional hyperbolic
problem in the three analysed cases.

Proposition 3.4. Let A be a symmetric real matriz. For initial data ug € l,%, the problem (3.4)
is stable if the matrixz A is negative, the problem (3.5) is stable if A is positive and the problem
(3.6) is unconditionally stable.

Note that a numerical scheme is called stable if there exists a constant Cr depending only
on T > 0 (so it is independent of the grid width h), such that, for every t € (0,T) and every
ug € l%,

lu®llz < Crlluolle.
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We also recall that the real matriz A is called positive if, for every vector v € RN, the scalar

product (Av, v)pn = Zgjzl A; jvjv; is non-negative.

Proof. We expand the terms ¢®" using Euler’s relation and use Parseval’s equality in (3.12)-
(3.14):
(3.15) |lut@)|2 < ma e -<A(1 cos(&h)) iAsin(gh) B) t” [luoll
. > X xp | [ —(1— —i— - 2
lh’ B 56[—7r/h,7r/h} p L h h/ Cn—Cn 0 lh
(3.16) a0l < (50— costen)) —ifsinten) B )] | ol
: u max exp || ——(1 — cos —i—sin - uo|2;
B = e[/ A h cnen O
[ A
3.17 t < —i—sin(¢h) — B |t
A1)l < oo [ (=i sty = B)e]| g,
where || - ||cv_,c~ is the matrix norm associated to the Euclidean norm on CV, which, in turn,

corresponds to the scalar product:

n
(u,v)en = (U, D)y = D ;0.
i=1
Since for every & € [-%,%] and h > 0, —% is a real number and (1 — cos({h)) > 0, the
conclusion follows if we prove the two following claims:

eiA

’(CN on is equal to one.
N

ii) If the real matrix A is symmetric negative, then the matrix norm HeAHC]V o is at most
—

i) For any symmetric real matrix A, the matrix norm

one.

For proving the first claim, we fix a vector vy € CN and consider the time-dependent vector
v : (0,00) — CV that satisfies the following Cauchy problem:

(3.18) {c‘%v(t) = iAv(t)
v(0) = vp.

Taking the time derivative of the Eucliean norm |[v(¢)||c~ and using the fact that A is real and

symmetric, we obtain that this norm is conserved along time. Claim i) follows since v(1) = e*4uvy.

The proof of Claim ii) follows a similar logic, we leave it to the reader. O

In the sequel, we will focus on the central finite-difference scheme, since its stability does not

depend on the parameters of the equation (1.1).

3.3. Properties of the central finite-difference operator. We will state an integration by
parts formula for the operator Dy, defined in (3.3). The result can be proven easily by direct

computation.

Proposition 3.5. Let u,v € l%. The following integration by parts formula holds:
(u, Dpv)iz = —(Dhu, v)2,

where the l,zl scalar product associated to the norm (3.7) is given by:

(u, v>li =h Z U Upy.

nel
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An immediate consequence of the integration by parts formula is that, for every u € Z%L,
<U, Dhu>lz =0.

3.4. Discrete Besov spaces. In this section, we establish an analogous framework for the
standard Besov spaces (associated with the continuous Fourier transform) within the discrete
setting introduced in the preceding sections. The formulation of these discrete Besov spaces is
guided by our objective of localizing the frequencies of a bilateral sequence (v,)nez in such a
manner that, for each j € Z, the localization 5{;11 is designed to satisfy a Bernstein-type estimate:

(3.19) IDa(0)llz ~ 2l18v]e

where Dy, is the central finite difference operator defined in (3.3). We will formulate the rigorous
form of the Bernstein estimate in Section 3.4.2. Also, the interested reader could refer to [1,

Chapter 2] for an introduction to continuous Besov spaces and their basic properties.

3.4.1. The construction of discrete Besov spaces. The form of the discrete central finite difference

operator D in Fourier variables

— .sin(&h)

(3.20) (e = )
suggests the following notation:

) T T sin(&h
(3.21) R ={ee [-LI] [ e g,
where, for every j € Z, we denote

3 4.
e |9 Zoj+l

(3.22) c; [42 521

Inspired by the dyadic decomposition used to construct the continuous Besov spaces [1, Sec-
tions 2.2 and 2.3], we consider a family of functions (¢;); € Z with the following properties:

(3.23) o |53 2o viez

(3.24) supp(;) C Fu(j), Vi€ Z;
™ T

(3.25) S o=t vee |-1.7).

We note that, since the family of sets (C;);jez is locally finite, the above sum makes sense for
every & € [—%, %} Now, we can define the j-th frequency localization of a sequence (v, )pez and

then define the discrete homogeneous Besov spaces.

Definition 3.6 (Discrete localization operators). Let v € 1,21 and j € Z. We define the j-th
frequency localization of v as:
§lv = FHop;).

Definition 3.7 (Discrete Besov Spaces — refer to [1, Definition 2.15] for the continuous case).

Let s € R. The discrete Besov space B,SL consists of all the sequences v € [7 satisfying:

(3.26) ol 5 = 3 27180l < oo.
JEZ
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3.4.2. Basic properties of discrete Besov spaces. First, we revisit and rigorously formulate the

Bernstein estimate (3.19):

Proposition 3.8 (Bernstein estimate for central finite difference operator). Let D be the oper-
ator defined in (3.3). Then, there exist two universal positive constants C,c > 0 such that, for

every h > 0, every bilateral sequence v € l% and every integer j,
c2[5oll < |Dudille < C 2|0l
where 5?; is the localization operator introduced in Definition 3.6.

Proof. Taking into account (3.20) and Definition 3.6, we obtain that:
— sin(&h .
(Dui)(©) = 22 o goge).
From (3.21) and (3.24) we get that, for every £ € supp(y;),
sin(&h)

The conclusion follows from Parseval’s equality. O

Definition 3.9 (Frequency-restricted discrete Besov Spaces). Let s € R and k a small enough

positive constant, that will be precisely fixed in the proof of Theorem 2.7. For 27 := = we
€
define
L s 57 H is || 5J
(3.27) Iollg, = > 2%lI6vlle and Jollg, = > 2ol
J<Je Jj=Je

From Proposition 3.8, using that 2/ = E, we immediately deduce the following low-high
€

frequencies Bernstein-type inequalities.

Proposition 3.10. Let v € 6% and s’ > 0. The following Bernstein-type inequalities hold:

S/

K
(3.28) Hvlléi S IIUHEPI,
!
H e’ H
(3.29) Il S e IIU\\BZ+3/,

Next, we prove the embedding result of discrete Besov spaces in hi and [;° stated in Propo-
sition 2.5. One of the important implications of this embedding is that the estimates obtained
for Besov norms (3.26) lead to results in well-known norms. We refer to [1, Proposition 2.39]

for a more general embedding result in the continuous framework.

Proof of Proposition 2.5. First of all, the embedding B} — hfl follows immediately by the defi-
nition of the A3 and by (3.24)-(3.25), using the Minkowski inequality.

In the sequel, we focus on proving the estimate (2.7). Indeed, the property (3.25) implies
that, for every & € [T, F],

() = > (5v) ()
JEZ
Therefore,

lollize < > 167 0llaze-

JEZ
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From the definition (3.26) of the Besov norm, it is enough to prove that:
(3.30) 1650llize < €' 22|63,0]|2.-

Indeed, from (3.24), it follows that ¢; - Xf, ;) = ¢j, where xa stands for the characteristic
function of a set A. The discrete Fourier inverse formula (3.8) implies that:

(610} r / €0 (€ (£) dE

== [ i€ ac

eif’m‘ = 1, the Cauchy-Schwarz inequality and Parseval’s equality further imply that:

=la :*\=\

:\

>

Since

()] < JLH@%HLQ([;,;Dum@rwZ,ﬂ)

N

\ﬁll%vllzz [Fr(5)

where |A| stands for the Lebesgue measure of the set A. Therefore, we are left to prove that:

(3.31) |Fu(j)] < C- 2.
In order to prove this claim, we observe that an element £ € [—%, 7] belongs to F(j) if and
only if
sin(&h) {3 4 1]
3.32 29i Zojtl|

, g) and notice from the plot in Figure 1 that there exists another

constant M, € (0,1) such that, for every x € [-7 + ¢, 7 + ¢,

Next, we fix a constant ¢ € (0

sin(z)

(3.33) M. < <1

X

Therefore, if Eh € [—m + ¢, m — ¢], then (3.32) implies that £ € [ 27 3%2”1}. Therefore, we

(3.34)

can estimate the Lebesgue measure of a part of Fj,(j):
—T+c m— c}

. 8 3
1 < 9 .
Fhmm[ e T _2<3MC 4)

Thence, we consider the case {h € [ — ¢, ], which means that 7 —&h € [0,¢] C [-7 + ¢, — ¢].

In this case, we have
sin(m — &h)
m—E&h
Therefore, if £ is such that (3.32) holds, then the equality sin(z) = sin(7m — z) implies that:
sin(§¢h) . w—¢&h [32J 4 oit+1
¢h “sin(m — £h) 3M, ‘

€ [Me,1].

—¢=

T
h
This leads us to an estimate of the Lebesgue measure of a second part of F},(j):

(3.35) Fu(j) N [”;C Z” < 9 <3§4 i) .
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By matters of symmetry, we arrive also to an estimate regarding the third part of Fy(j):

<2j( 8 —3).
= 3M,. 4

Combining (3.34), (3.35) and (3.36) we obtain the claim (3.31). The last two embeddings of
Proposition 2.5 follow immediately by Bernstein inequality. ]

(3.36)

Fp(j) N {_;7 _Wh—i_ c}

4. PROOF THEOREM 2.1: HYPOCOERCIVITY FOR SEMI-DISCRETIZED HYPERBOLIC SYSTEMS

This section is dedicated to the proof of the large-time asymptotic result: Theorem 2.1. Across
the paper, the notations E' ~ F and E < F signify the existence of a universal constant C' > 1
such that %F < E < CF and F < CF, respectively.

4.1. Decay for D,U. To derive sharp time-decay estimates for the semi-discrete hyperbolic
system (2.1), inspired by [14], we consider the Lyapunov functional

(4.1) L) = U, + ot DU + (1),
where the h}l norm of a bilateral sequence is defined as
(42) loliZy = llol: + I Dseli

and the corrector term Z(t) is defined by

N-1
(4.3) I(t) ==Y ex(BAF'U, BA*DLU) e,

k=1 "
with positive constants ng and €;, 1 = 1,2, ...,k — 1, to be determined later. Then, we compute

d

the time-derivative of £ and show that —L£ < 0 which leads to the desired decay estimates.
First, using that B is strongly dissipative (property (1.2)) and Proposition 3.5, taking the scalar
product of (2.1) with U, we get

d 2 2
(44) SNU@IE + 26020 <o,
Similarly, applying the linear operator Dy, to (2.1) and taking the scalar product with D,U, we
obtain
d
(4.5) ZIPRU D)7 + 26 Dul2() 3 < 0.
Moreover, we have the time-weighted estimate
d 2 2 2
(4.6) = (DU )% ) + 2wt [PAT(0 [ < nol PAU ()]

Gathering (4.4), (4.5) and (4.6), we obtain:
d

47) — (IU@F: + 0ot PaU )7 ) + 26 U2(t) 172 + 26(1 + 10t) [DrU2(t) |72 < 10l DU (8)]]72
dt h h h h h

As one can observe in (4.7), there are no dissipative effects for the component U;. To recover
such dissipation, we take the time-derivate of the corrector term Z.
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Lemma 4.1 (Time-derivative of Z). For any positive constant g, there exists a sequence

{ek}tr=1,.. N—1 of small positive constants such that

d 1Nl
(4.8) &I(t) +3 > €kHBAthU(t)||12§ < 50||U2(t)||12,g +€0||DhU2(t)Hng
k=1

The proof of Lemma 4.1 is a direct adaptation of the computations done by Beauchard and
Zuazua [2] to our discrete setting. Its proof is relegated to the appendix, Section A.1.
We fix suitably small e,k = 1,2,..., N — 1, such that (4.8) holds and

(4.9) L) ~ [Ty +mot DU

Combining the energy inequality (4.7) and the estimate (4.8) of the corrector term, we obtain

N-1

d 2 9 1 & 5
(4.10) £ + &V @)llz + w1+ 200t) [Pal2(®)llz + 5 kz:jl el BA*DLU (1)

< noHDhU(t)H?g + €0HU2(t)H?§ + €oHDhU2(t)H?g-

From [2, Lemma 1], we have that, for y € CV, the function

N—-1 1
(4.11) N(y) = ( > \BAky|2) ® defines a norm on C
k=0

which, by standard properties of finite-dimensional spaces, is equivalent to any other norm, in
particular to the Euclidean one. Using this norm equivalence, in the case y = DU, we get that:

N-1
2
AIDW U ()7 + D sl BAMDWU (1)l > @HDhU(t)H?g
k=1

with e, := min{k,e1,¢€1,....,en—1} and Co > 0 a constant depending only on (A, B) and N.
Therefore, to ensure the coercivity of (4.10), we adjust the coefficients appropriately as

0<710<4%27 0<50<g
such that
412) L+ Sl + s (1 + 770t> DU (1)12 + 2= IDAU(1)]1% < 0.
dt 2 &, 2 G40, G =

Therefore, by (4.12), we have £(t) < £(0), which by the equivalence in (4.9) leads to
1
(4.13) 10Dz + A+ 8)2[DrUE)l2 < CllUollpr-

4.2. Time-decay estimates for Us. Taking the inner product of the equation satisfied by Us
in (2.1) with Uy and using the property (1.2), we get

d
(4.14) NIl + 261021 S IPRU @)l [U2(#)lg -

Dividing the above inequality (4.14) by HUQ(t)HgQ + ¢, employing Gronwall’s inequality and
h
then letting € — 0, we obtain

t
(4.15) 020l < e oallg + [ e DU g ar
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This inequality, together with the estimate in Lemma A.2, leads to
t 1 1
02015 < € Woallg + [ollay [ €14 1) Hdr £ (1427 Tally.
0

Reinforced by the time-decay estimate (4.13) of DyU, the inequality above serves as the con-
cluding step in the proof of Theorem 2.1. O

5. PROOF THEOREM 2.7: NUMERICAL RELAXATION LIMIT
In this section, we provide the proof of the strong relaxation result: Theorem 2.7.

5.1. Uniform-in-¢ estimates for (1.6). Applying the localisation operator 5{; to the system
(1.6), we obtain

(5.1)

8,5,4); + Dhui = 0,
528tu§ + Dpp5 +u; =0,

where we used the notation f; := 5{; f for any f € E,Ql. From here, the analysis is inspired by
the computations done in [10], but with certain modifications aimed to sharpen, in this linear

setting, the convergence ratio to O(g?), instead of O(e).
Low-frequency analysis: j < J..
Defining the damped mode w® = Dy p° + u® and inserting it in (5.1), we have
Op5 — Diip; = —Dpw
(5.2) 1 ) .
8tw + U) = thj thj,

Taking the scalar product of the first equatlon of (5.1) with p5, we obtain by the Cauchy-Schwarz
inequality that

1d
(5.3) thHijg? +1DnA5l7 < IDwwjllez 1051z -
Using Bernstein Proposition 3.8, we have
(54) 516512 + 229165 1% < 1D s 15l

We can now apply Lemma A.1 which yields

T t
(5.5) 15Dl +2 [ 65llg < Ioislg + [ 1Dww5lg.
Then, for s € R, multiplying (5.5) by 2¢ and summing on j < J., we obtain
L L «||L
(5.6) o™ ()55 + P71 Ly 2y < Nlooll; + [ LBy
Performing similar estimates for w}, we obtain
L * L
(5.7) [Jw* (T )||Bs 1+ QHUJEHL;(BZA) S lwgll -1+ [P 17 vy Tl e

Using the low-frequency Bernstein inequality (3.28), we have
1> /i2 E
(5'8) Hw HLI BS+1) ~ 87” HLl (BS 1)
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Summing (5.6) and (5.7), using (5.8) and choosing  suitably small, we obtain

(5.9) 1p"(T) 1 55 + [lw* (T )HBs 1+ gllwsl\Ll B S o5l s + IIwollBs .
(5.10) S loslis; + IIUOHB;—L
High-frequency analysis: j > J..

We define the following Lyapunov functional

(5.11) L5 = ||(p%, cu) (DIl + 12770 Y uiDipy,
neZ

where ¢; is a small constant which will be chosen later. By Bernstein’s inequality (Proposition
3.8) and using that j > J., we obtain

2720 S D 2 (s + 226511
nez

— 2 W3 + sl

and thus L5 ~ |(p°, euw®)(T )”g

We now compute the time derlvatlve of £5. Concerning the first term, we have

, for a suitably small constant c;.

1d
(5.12) 5 165 + Sllensll?, = 0.
For the second term, we get
o o1
(5.13) 2]h ZUED p5+27 2 2HthJH€2 = 2]”DhU§H?i -2 QJ?hZuthp?
nGZ nez

Using the Cauchy-Schwarz and Young inequalities and taking into account that 272/ < &2 /x2,

we obtain
1 2-% 272
(5.14) 2]h Z u;Dpp5 + ;QHP;HZ% S H@H?ﬁ + ngHungi + TEQHDhIOEHEi
nEZ

N Hui”gz + m”uiﬂg}g + Q?QHPJ'H@L,

where ¢y > 0 is small enough in order for 4| p51|%. to absorb the term 5% |5 |2 2
Since € < 1 and & is fixed, multiplying (5.14) by a constant ¢; small enough and adding it to
(5.12), we obtain

1d 1
(5.15) thﬁj ~ 2H(€u]7pj)”€2

Then, using that £5 ~ ||(p€,5u5)(T)||£% and Lemma A.1, we get

1
(5.16) w5, 25 (D)l + 5 eus )l S 1=t o6, e

Multiplying (5.16) by 27¢ and summing the resulting equation for j > J., we obtain

1 * *
(5.17) (0%, eu)(T) | Fs + gH(pE,aua)HflT(B;) < (g, cut) 15 -
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Recalling that w® = Dpp® + u®, thanks to Propositions 3.8 and 3.10 it is easy to see that
e\ H < e\ H e\ H
(5.18) F 2 gory S U gy + I
H £ H
S HP€||L1T(B;) + EHUEHL;(BZ)
2 H
S 7ll(po, eup)ll s -

5.2. Error estimates analysis. With the low and high-frequency estimates (5.9)-(5.17) at
hand, we can now justify the relaxation limit process.

We define the error unknown p := p° — p, it satisfies
(5.19) Oip — Dip = —Dpu’.
As in the proof of (5.6), we are lead to:
(5.20) 1A -2 + 1ol g sy S o = poll e + 10y s

Then, using the high- and low-frequency Bernstein inequalities in Proposition 3.10 together with
(5.9), we obtain

€ _ eNL el H
¥l -ty = N1y e, + N1 e
2 x| L x| L e H
(5.21) s e (bl + gl ) + el ey

Now, using (5.18), we have
e\ H 2 * s\ || H
(5.22) o012 sy S N8 )1y

Inserting (5.22) and (5.21) in (5.20), then using the definition of the (s, s, h)-truncation and
Proposition 2.5 we have

(5.23) 165 poll -1 S €2

which concludes the proof of Theorem 2.7.

6. PROOF OF THEOREM 2.4: UNIFORM BESOV ESTIMATES WITH RESPECT TO THE GRID
WIDTH

In this section, we provide the proof of Theorem 2.4 concerning uniform Besov estimates with
respect to the grid width h, for regular enough functions.

Proof of Theorem 2./. We recall that the discrete Bi-norm of Tru, by definition (3.26), reads
(6.1) 1 Tnull g = > 271167 Taull e -

JEZL
Taking into account that, by definition (2.4), the function u and the bilateral sequence Tpu have
basically the same Fourier transform, we use Parseval’s equality to write

™

I3 Tl = [ (a(€)P(05(6)? de
(6.2) -

SR sy

1

—— d&.
T e

:/_ (@) (1 + [£1%) (p;(€))?

=
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Now, since supp(y;) € Fj(j), it means by (3.21) that, if ¢;(§) # 0, then
sin {h

€l = 32

sm(x)

Since, <1, for all x € [—m, 7], we obtain

3 .
0i(€) £ 0 ¢ > 22
This fact, together with (6.2) and ¢;(§) € [0,1], for all £ € [—n/h, 7, h], leads to
. 1 % .
(0:3) 164 Traly < [ @@ siern ag

P (3) o g

Applying Parseval’s equality again, we deduce that

(6.4) 16Tl < 5 el ce
Inserting this inequality into (6.1), we get:

20
(6.5) Tl < Colllney 3 155

We now claim that the hypotheses of Theorem 2.4 imply that the series above is convergent.
Indeed, one has

9Js
— js i(s—p)
2 5o Zl+2ﬂp+zl+2w <2 Py Y
which converges provided that s € (0, p). O

7. NUMERICAL SIMULATIONS

In this section, we showcase a set of numerical experiments validating our theoretical findings.
The simulations in Section 7.1 , carried out using the NumPy and Matplotlib Python libraries
[27, 32], confirm the sharpness of the polynomial decay verified by the solutions of the system
(2.1) (as per Theorem 2.1). Furthermore, the experiments carried out in Section 7.2 show that
the order of convergence O(c?) obtained in Theorem (2.7) (more specifically, in Corollary 2.9)

is, in turn, sharp.

7.1. The numerical hypocoercivity property. The plot depicted in Figure 3 validates the
polynomial large-time decay estimate (2.2), for a particular instance of (2.1) — namely the
linearization of the compressible Euler system (1.6) — exhibiting a decay rate of exactly (14¢)~2
The initial data that we used in the simulation is obtained by a cut-off near infinity of the
function:

N _ 1
(7.1) po(x) = up(x) = V106
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FIGURE 3. The semi-log plot of the large time behaviour of the solution of (1.6)

with parameters ¢ = 1 and h = 274,
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FIGURE 4. The first component p® of the solution of (2.1) (blue) approximates

the solution p of the heat equation (1.7) (red) as e — 0. The plots were generated

forh=2"%and T = 5.
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7.2. The relaxation limit — error estimates. The objective of the overlapped plot in Figure
4 is to demonstrate that the solutions of (1.6) effectively approximate the discrete heat equation
(1.7); for small .

The plot in Figure 5 serves as experimental evidence, indicating that for the initial data (7.2),
the convergence order of both the first and the last term in (2.8) is exactly O(?), thus proving
the sharpness of the rate in Corollary 2.9.

Moreover, the table in Figure 6 confirms that the relaxation is uniform with respect to the
grid width h. In this section, we use the following initial data for the system (1.6) and the heat
equation (1.7):

1

1 - 1
(7.2) po(r) =e 1=@=D?x 9 (x) and ug(z) = e =E-19% x (0595 (7).

T=5

1.25e-01

6.25e-02

3.12e-02
1.78e-02

5.02e-03

3

— (0" = p)(D)l e
— [ Dwp” + | 21 i)

1.35e-03

2.20e-04

5.50e-05

1.37e-05

3.12e-02 6.25e-02 1.25e-01
9

FIGURE 5. The log-log plot of the first and third left-hand side terms in (2.8) as
a function of ¢, for fixed h = 274 and T = 5.

h | (" = p)(M)lleze | 1Drp® + vl 1 ey
241 1.375812666e—05 | 1.468560202¢—03
275 | 1.376071039e—05 | 1.525401187e—03
2761 1.376255148e—05 | 1.537860425¢—03

FIGURE 6. The first and third left-hand side terms in (2.8) in terms of h, for
fixed e = 27° and T = 5.
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8. EXTENSIONS

Dedicated to broadening the scope of Theorem 2.7, we discuss additional research directions

related to the discrete framework presented in this paper.

(8.1)

(8.2)

1. Relaxation for general hyperbolic systems. The convergence result derived in Theorem
2.7 can be extended to address the relaxation of general hyperbolic systems that satisfy
the Kalman rank condition (K). In fact, following the approach outlined in [16], under
additional conditions on the matrix A (see [16, p.175]), one can readily generalize our
result to show the convergence, as € — 0, of the discrete hyperbolic system

0iUr + A1 1DpUy + A1 2DpUs = 0,
g2 (8,5U2 + AnghUg) + AQJD}LUl = —LU>,

towards the discrete diffusive system
o U7 + A1’1'DhU1 — AI’QL_lAQJD}QLUl =0.

Note that under the Kalman rank condition (K) or the Shizuta-Kawashima condition
[38], the operator £ = Aj oL 1Ay 102, was proven to be strongly elliptic in [10].

2. The Jin-Xin approximation. For a conservation law:

(8.4)

Al

its Jin-Xin approximation reads:

Op° + 0u® =0

e} (Opu® + 0up%) = u — f(p°),
This approximation was introduced in [37] and further examined through a frequency-
decomposition approach in [13]. It ought to be feasible to justify the limit from the
discrete approximation of (8.4) to the discrete counterpart of (8.3) as € approaches zeros
using the discrete frequency framework established here. The challenge further involves

formulating product laws to handle the nonlinearity f(p°) which, in the simplest case,
reads as (p°)2.

APPENDIX A. VARIOUS LEMMATA

Proof of Lemma 4.1.

Proof. Differentiating Z(t) in time, we obtain

N-1 -1
d

I+ > ek||BAthU(t)||lzi =— Y e(BA*'BU, BA’fphU)lz
k=1

=

ol

— N en(BAM Y, BAkBDhU)li

- I

— ek(BAk_lU,BAHlD,%U)li-

£
Il
—_
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To deal with the remainder terms, we proceed as in [2, 11, 15] with some adaptations regarding
the discrete setting. First, we fix a positive constant g and estimate the terms in the right-hand
side of (A.1) as follows.

e The terms 7} := 4 (BA*1BU, BA’“DhU)li with k € {1,--- , N —1}: due to BU = LU,
and the fact that the matrices A, B are bounded operators, we obtain

1) Ce?
IZi| < Cerl|LU2(t) |l [| BA*DLU (1)1 < EH%(UII?% + TfIIBAthU(t)H?g'

e The term Z? := &1 (BU, BABD,U)pz: one has

Ce?
17| < Cer|| LU (1)l i2 [ LDwUa(2) [Ua(t )le +— IIDhU2( )||l2

g < 2
e The terms I? := e, (BAFIU, BAkBDhU)li with k € {2,--- N -1} if N > 3: we
deduce, after integrating by parts, that
IZ}| = ex|(BA* 1Dy, BAkBU)ezl < Cep| BA*'DRU )2 | BU (1) 2

< B0l + B DU

e The terms 7} := e, (BA*1U, BAkHD}%U)l% with k € {1,--- ,N —2} if N > 3: a similar
argument yields

!ﬁb%WM“@WBM“mwg<%IWN”DUUW+C%WM“DWMW

e Theterm Z3 | := en_1(BAN72U, BAND,QIU)Z%: owing to the Cayley-Hamilton theorem,
there exist coefficients ¢/ (=0,1,2,...., N — 1) such that

N-1
(A.2) AN =" A
=0
Consequently, one gets
N-1
TR 1| S en—1 Y I BANTPDLU )| [|1BADLU ()2
§=0
€N 2 CE%\T 1

L Ce2 _
|BAN=2D, U (¢ le + Z N 1HBA]DhU( )Hp + 5 ||DhU2(t)||12}2L-

In order to absorb the right-hand side terms of Z} and Z? by the left-hand side of (A.1), we take
the constant ¢; small enough so that
2

(A.3) Ce 3580, ceggg’%, k=1,2,.,N — 1.
To handle the above estimates of I,i’ with k =1,2,..., N — 2, one may let

1
(A.4) Cei < SER—1Ek41, k=1,2,...N—2 if N >3.
In addition, to handle the term I]?([_l, we assume

1
(A.5) Ceky < gejen-a,  j=0,,N—1
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Clearly, the inequality (4.8) holds if we find €1, --- ,eny_1 fulfilling (A.3) — (A.5). As in [2], one
can take e, = €™ with some suitably small constant ¢ < ey and my,--- ,my_1 satisfying for
some 0 > 0 (that can be taken arbitrarily small):

ME—1 -;mkﬂ 46 and my_q > mg +2mN—2
This concludes the proof of Lemma 4.1. [l

me >1, mg > +94, k=1,--- ,N—-2.

A.2. Technical lemmata.

Lemma A.1 ([11, Lemma A.1l]). Let X : [0,7] — R4 be a continuous function such that
X2 is differentiable. Assume that there exists a constant B > 0 and a measurable function
A:]0,T) — Ry such that

Ld o + BX? < AX a.e. on [0,T).

2dt
Then, for all t € [0,T], we have

t t
X(t)+B/X§X0+/A.
0 0

Lemma A.2. Let k be a positive constant. There exists a constant C = C(k) > 0 such that,
for every t € (0,00),

N

t
I(t) ::/ (L4 7) 72 dr < C(L+4)72,
0
Proof. An integration-by-parts argument leads to
1 1 1t 1
It ==+t 7——e ™4 — [ et~
K K 2k Jo (1+7)2
The conclusion follows since the last term in the previous inequality can be bounded from above

by
L t
/2 e rl(t=7) dT+/ 71 - dr.
0 L (1 —1—7')5

2

dr.
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